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. THREE DIMENSIONAL GEOMETRY I
~ . (LINES AND PLANES) T

(01, Introduction:

In plane the position of a point is determined by two rumbers x, y obtained with i
reference to two straight lines in the plane generally at right angles. The position 8 :i,l
of a point in space is determined by three numbers x, v, z. The plane is regarded l
2 R xR or R? space and the tnree dimensional space as R x R x R or simply R3 |
space. : ' Y '8

In plane we sce that there is a one — one correspondence between the points in
 plane and the ordered pair (x, y). Now we will see that there is a one — one
correspondence between the points in 3-space and the ordered triple (x, y, z).
iwo ordered triples are regarded as equal if and only if the corresponding i
omponents are equal. Thus (x, y, z) = (8, b, ¢) ifand only if x = a,’y = b, and 2
£eig . : 1.1

An equation in two variables represents a curve in plane, while an equation in i
_.t.hree variables represents a surface in three d"flenslonal Space-arisnply 3-specs. S|
“he sim:lest equation in two variables is the linear equation ax + by + ¢ = 9 821 ;
Which represents ‘a straight line, while the simplest equation in three variables
%+ by + cz + d = 0 represents a plane. Thus equation can take several forms

dl‘-pending upon the inforniation given and the informatjon sought. ki
% Reclangular Coordinate System: o ‘E 1 /
I order to locate points in three dimensional space we must have some firei *".
. H o y i 89
Tference frame. We obtain such 2 frame by selecting a fixed point O aund ‘ y !

selecti"g at O three mutually perpendicular lines as indicated in t.he figure below.
1 exch of these lines a positive direction is assigped and is shown by an
OWaead, These three lines are called the x-axis, y-axis and z-axis.
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Tha r-ax’s and y-axis together determine a horizontal plane called the xy-plane.

" S-ailarly the xz-plane is the vertical plane containing the x-axis and z-axis, ard

the yz-plan: is the plane determined by the y-axis and z-axis

If P is any point in space it has three coordinates with respect to this fixed frame
of reference, and these coordinates are indicated by writing P(x, y, z). These
coordinates can be defined thus: o . '
~ x iy the directed distance of P from the yz-plane,
"y iz «he directed distance of P from the xz-plane,
= 's the directed distance of P from the xy-plane.

In the figure these are the directed di'stancles DP. EP and FP respectively. These
line sggmentsfurm the edges ot a box, with each face perpendicular'tn one of the
_C.()()I'.dlnale axes. With the lettering of the figure, A is the projection. of P on the
- xeaxis, B is the projection of P on the.y-axis, and .C is the prt;iectinn of P on the
- z-axis. Clearly an alternate definition for the coordinates of P is:
X is the directea distance OA, -'
y is thLe directed distance OB,
~ zis tha directed distance OC.
The symbol P(x, y, ~j der stes that the coordinates of the point P are %, ¥, %
~ Conversely, given an three numbers. x y -
coordinates ave x, y, z. To effect thi:" e
X-aris, ALl parallel to the y-axis ang e
and =;uabto z units. Tten P is the req

z we can find a point P WD
we measure off QA = x units alopd th,e
qual to y uriits and NP parall2: ‘0 the 2-%*
uired point. :

H‘lélrlnc:l\i steglct)]lll ?f ﬂ:l point in space is uniquely determined by three coordina’®
_ : at there is a cne — one corr L s

; es the po
space and the ordered triples (x, y, z). pondence, betwesn 4
It is clear thet .
is negative the

if - . - - - : - If y
X 1§ negative, the point (v, y, z) lies in Eack of the yz-Plan® oirt

.poir'it lies to the left of the xz-plane, and if z is negative ﬂ'{”‘
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lies below. the xy-plane. These three coordinate planes divide cpace into 8
cparate pieces called octants. The octant in which all three coordinates are

_ p‘-J,_c,itive is called the first octant. The other octants could be named, but there is
0 real reason for doing so. > _ , )

]& 13 Convention for Signs:

When the fifl'éCtiOTlS of the x and y-axis have been fixed, the positive direction of
e z-axis is chosen along the direction in which a right-handed screw will move
when rotated from x to y. Such a system of axes is called a right-handed system.

g14. Translation of Axes:

The technique of introducing a new system of coordinate axes through a poi :

axes. It is also known as shifting of origin or change of origin:
Let OX, OY, OZ; and O’ 7',

0'Y', O'Z’, be two sews f- i 1‘2’ ” 
| parallel axes through O and O’
- respectively. '

Let (a, b, c) be the coordinates of
0" referred to OX, QY, OZ. Let ' ud
the coordinates of a point P in S
Mace be-(x, y, z) referred to the
X, Y, Z coordinate system and

|
|

XN'
|
|
|

“ordinate system. - 2

Let PN’ :ular from P 10 X'Y'-plane meet the XY-plane in N. Since
X’Y"Pl;.n%eli.ge;:;;llle?rto XY -plane, PN is also perp?ndicular to XY-plare. Let
O’S be perpeny.cular to XY-plane. Then NN* = SQ‘ ¥
© Z=NP= NN/ +N'P=c+Z

Similarly' X i } %',y = b + Y!

Hence =x-a
Y =y-b
' =z-¢

iy b :

}-S,. Some Results of Veetor Algebra: olid. geometry can be presented
' ‘ L . Q r S ) .

Analyie geometry of three dlmens}?yr;:eno\/ectors are used the presentation can

Wi
-ltl{OUt FSe st v Howth_:fefm results from vector algebra.
Simplifieq H ive'some U

1. Here we g1V

L 0 5 0(0. 0. 0) is origin and P(%, ¥’

%
o ,_...-__,__.r:x_ﬁ&EJ

other than tne origin O and parallel to the x, y, z axes is called translation of -

> Y’

| 7
|
| '1
] |

! W 0 1 i Y
®, y, z') be its coordinatz. e
feferred o . ANENY. i z ' ‘ T XS kN
' _ % - 3 .
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- ; _
OP=xi+yi+2zk=1[xY,2] and it is called positio 1 vector of the Point p

(ii) The .ength or norm of the vector ¥ = [vi, V2, V3] denoted Ly | y | is th;
distance from origin to tae point

(iii) A vector with unit magnitude or norm is called a unit vector. Thus if y js,
. vector with magnitude v the y/v is a unit vector along v.

(iv) If P(xy, Y1, 1) and Q(xz, Y2, Z2) are two points then

—_—

PQ=(xa—x)i + (2—-yill + (z2 = 20K

(v) If two vectors g and v are collinear or parallel we can write u =y wheret
is a scalar.

(vi) Ifu = [u;, uz, s and ¥y = [vy, vz, v3] are two vectors then
y.v=uvcosd = uv; + uv2 + us3vs
where @ is the angle between u and v

u.y
uv

cos 0 =

Ify and y are perpendicular then u;vy + uzvz + usvy = 0
(vii) Ifu = [u;;up, us) and y = [vy, vz, V3] are two vectors then
s i 1 k
vrxy=uvsinén = up © Uz Uy
' ‘v \'2) V3
~ where 0 is the angle between y and v and n is a unit vector perpendicula: to bol
uandy.

(vii) It p, q are pmltmn vectors of twe pm:m P and Q rekpctlivel}"[w g
posithon vector of the point R, which divides the line segment PQ in the ratl?
Lp + mg |
m + n

m:n is

: .(i:‘c} Scaler Triple Product u v w] = u . (v x w) -
=y @) =R @Y= @xy.w=@xw.u= @0

u L u2 . ug i
o 0 vy Y3

where u = [ul, u;, uy] etc.

odg?
K. luyw]=w S e 35 _r'e par'alle.oplped with U ¥, b % cotermlﬂ“b o

"U ~he dot-product § . v of u ond v i eqgral to the r*oduct of the
+'cithe..>. tham and the proiection . f tha othes vven
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u.¥=|y¥| cos 8, whic -
direction of the unit vector y . : g =
i) @x 1) . €xd) =(§.g)(h.ﬂ)—@-,g_)m_§)
e L R T
a.d b.d
D xxd)=labdic-[apggy

(xiii)

0.5y Distance Between Two Points:

Let P(x1, Y1, Z1) and Q(xa, ys, 2,) be two points. Then =

—_
PQ = [XQ = Xy yz 1 YI; Z; — zl]

and its magnitude is  / (x; — x;)7+ 02 - yi+ (sz =)

i 4 g
Hence the distance between P and Q, i.e., magnitude of the vector PQ is

{0 =x1)*+ (2 - y)*+ (22 - z)?

10.1.7. Division of a Line Segment in a Given Ratio: ;
Lit B'xy, yi; 1), and Q(xz, y2, Z2) be two given points, and R(x, y, z) divides the.
line £ 3gment PQ in the ratio m:n. : :
We know that if position vectors of P and Q are p and q respectively then the
position vector r of the point R is givep by

np + mq
N T
wa_p =[;y,z) and g= [x2, Y2, Z2]
‘n[xi, y1, 2] + mx, ¥z, 22
m +n

Heﬂce [x’ y, z] =

[nx, + mxz, nyr + myz, 02y + mz].
m+n

L., R js ('nx, i T + mz; )
omAn, m+n . m+ n

COI‘ 1: The mid point of P(x1, Y1, Z1) ard Q(xz, Y2, z2) IS

e i D e B e
2 2., 2

e FL ;-
o2 IR divides the join of P(xi, y1 zi) and Q(x2, ¥z, 2,) in the ratio A:1, ther.

R i (jlf_j}_g y1 + Ay Z 452__

| 1+A’. 1+A !'i')' . . : ‘.
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10.1.8. Direction Cosines of a V. ctor:
Let u = [uy, ta, us] = wi + uyj -+ usk
then uy, u,, uy are =alled the direction :umbers or direction ratios of the vector

u u
If u is magnitude of u then ul . uz ] u3 are the direction cosines of the vector y

2 2
. It is obvious that (i‘) + (_'“E’) + ( u3) 1
| u u u

10.1.9. Direction Cosinm 'of a Line:

If a line makes angles @, B, v, with the positive, directions of X, y and Z-axes
respectively, then cos a, cos B, cos v are called its dlrecnon cosines and a, g, 4
are called 1ts direction angles.

To prove that cos?ax + cos?B + cos?y = | ) z

Let cos e, cos B, cos 7y be the

direction cosines of the line | -
) — ; 1 o

and OP = = xi + yj + zk be : o
a vector parallel to the line L,
which obviously makes angles a,

B, 7 with the axes. . — "
. : ok 3 =% 1
Frer <he figure we see that % /: ’;
] : Y
m=rcosa@y =rcos B and : o '
2 =108 Y | '
wuerrr = | r | X

Now ; = rcos ai + r cos Bj + r cos 7k

-|||-|

= t0s @i + cos Bj + cos 7k is a unit vector and hence

Jcos’ + cos?f + cos?y =1 or cosia + cos?f + cos?y = 1

NM Direction cosines of a line are usually denoted by 1, m, n and henc®
2+ m?+n2=],

10.1.10. Direction Ratios:

The three numbers proportional to the direction cosines of a line aro called the
direction ratios of that line:

o

: | n n
Le., Ifl, m, n are direction cosines of a line 2 ! l— = o — ther, b °
s b C i
- are called direction ratios of the line.

- "anar ; ¥ o e T e . | ! z7) ¥
Note 1. Direciisn ratios of « line Jcaing =&y, y, z)) and Q(xz, Y22

e X3 = X¢ Va = “e Tn ==,
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Note 2: If a, b, c are direction ratios of g line then direction cbsings are given by
i m n_./l’+m2+n’__ 1 y:
s @+ + ¢ i ia
Le, 1= - T - n=
o Ja +p? ¢t Ja + b ¥ 2 Ja+ b+ 2

Note 3: One should always make a distinction between' direction cosines 2nd
direction ratios. It is only whep |

» M, n are direction cosines, that we have e
refation 12 + m? + n2 = 1, : - .

Example: Find the direction cosines
0@, 7, -2). ey

Solution: Direction ratios of P
ie, 2,4,~6 " or |, 2,-3

of the line joining the points P2 -, 4) and

Qare 4-2,7-3 5 _4

- o . _ 1 2 -3
direction cosines are’ .

J1+4+9’11+4+9’11+4+'9'
1 2.5 =3

:
L, et

T i

L Ahgle “etween Two Straight Lin-s:

"% 1, m, are direction cosines of a linz L and I, m,,
of inct.z: ctraight Jine M, then 6 € [0, «],
BVEIby cost = 1yl + mym; - myn,

Definie: -,
be'ween tyr,

n; are direction cosinesg
the angle between the two lines ig

the angle between two non-intersecting (skew) lines K

‘he angle
lines drawn parallel to them throvgh anv poi

at in spacs,
D,

Tetrehed -on: , /

."" ®." hedrcy, is 2 three dimensional figure bounded by four 2lanes. It has four
e g aris.il.lg as a point of intersection of three of the four planes.
T €2 e

has si>. -dges each edge arising as the line of intersecticn of twg of the four

: Dlare,:, (4C2 = 6.

:’ Construct a tetrahed-on, we D
< widl, three points A, B, C £
- any point D, not lying on the <
S48 determined by the points A, -
4% Theu the four faces of *1e

| m’f‘:' *'ren are the four triengles

-
dy

AR, ECD, CAD, ABD: e four s
‘[;eftlces are the points  ¢., B, C.

.21 the six edges are the lines
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10.1.

AB, CD: BC. AD: CA, BD.

N

CAL.CULUS AND ANALYTIC GEOMETRY

The two edges AB, CD joining separately the points A, B and C, D are calleq
pair of opposite edges. Similarly BC, AD and CA, BD are the two other pyp of

opposite edges.

13. Volume of a Tetrahedron:

Let a, b, ¢ and d be the position
vectors of the vertices of the
tetrahedron ABCD. '

Volume of tetrahedron

= % (area of A ABC)

(h, the length of the altitude
from D to the plane ABC)

= %(Z.areaofﬁ ABC) . h

D .
2\

i 1 : .
= — (area of the parallelogram with AB and AC as adjacent sides) . h

1 ; ol = M '
= pes (volume of :he parallelopiped with AB, AC, AD as coterminus edges)

?lAB' AC, AD] = -g[h"ﬂ c-ad-a]

Cor: If Alxy, yi, 21), B(xa, y2, 23), C(Xs, ¥3, 23) and D(xy, ys, z4) are the vertices

of the tetrahedron.
i ;
AB = [x; - X1, Y2 = Y15 22 = 7]
Eer .
AC = X3~ xy, Y~ Y1, 237l -

-—-—.) -
a‘ﬁf‘{ AD =[xy = X1, Yo = y1, 24 - 24]
aret s vo}ume_ of tetrahedron is

'
L]

X2=X), Y2—Y1 Z3-12

5
"g'l X3=X1 Ys=y1 z3-1z

Xa=X) Ya—=y1 zz-2z

Solved Examples:

«“mple 1: Tte poirts A(3, 2, ~4), B(-1, 1, =2), C(-2, 3, 3), D(=3, -2 !

|

1
6 |

Xy
Xz

X3

CO.1rs of a tatrahedror . Find volume of the tetrahedron.

Solution: Vb_lu'me of the tatrahedron

Yi
Y2

Y3
Y4

Z)
Z

Z3

[T S S —

(P.U- 19 0)




qEE DIMENSIONAL GEOMETRY |
M

Hence the given pomts form the vertices of’

' EXam

. |
. 1 =1 1 " :
6 -2 3 3 1

1.5

—
. —_—

L

B L g
T N M A TR R SYS etie I
6 -5 1 7 0 =“'—6" -5 1 7
6 -4 s b, e
s
= s 5 1 7
. B 458 . "

% {45 + 28) + 1(25-42) + 2(-20-6)} = % [132 - 17 2 52]

= fé’l = 10% = 10.5 cubic units.
érample 2: Show that the points (1, 6, 1), (1, 3, 4), @4, 3, 1) and (0, 2, 0) are-
the vertices of a regular tetrahedron.
Solution: Let the given points be A(I 6, 1), B, 3, 4), C@4, 3, 1) and
DO,2,0)
Now AB = /(T =1 + (6 - 3)2+(1-4)""J9+§ /18 =3/7

ACE =D G- v O P 0FT = (=342
AD Ja=02+ 6- 2\ ¥ (1-0)2= f1+16+1—./18—3./—_
BC= [(T=37+0- gpF @-1p= [9+9 = /18 =3/2
BD = J(I_O)2+(3 2 + (4- 0=—m'ﬁ‘16- 13‘“3/7_
arq. CD-/(4 T 2)2-;—(*1""7)")'2 f6I+l+1 jﬁ_—sﬁ

" AB=AC=ADp=BC=BD=CD
a regular telrah.dron

Ple 3: Fiad the coordinates of the point dividing t'.e Jom

*~1, 6) in the ration 3 : 5-

of (-3, 1, 4) and
§, < ;

Solrue
.Mmmn: Here ratio m: n - 323
" &y, 2) is the required point then |
3 ’ ) l
5 5 o5 +36D - 5-3 =
*
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o S@+30 . 0+18_ U
5+3 8 4
X = WD e O |
Hence the required point 18 ( 0, el
Example 4: Find the locus of the point which is equidistant from the points
(-1,2,3)and 3,2, 1. i
Solution: The given points are A(-1, 2, 3) and B2, 3, 1)-
If P&y, z) is a point on the locus PA = PB ‘
[GF TG >Fe-»=/C D G-I+ -

“

ie., 2x—4y—6z + 1 +44+9=—dx-6y-2z+4+9+1

or 6x 4+ 2y—-4z=0o0r3x + y-2z=0
Exampie 5: Find_the directioh ratios, direction cosines and measures of direction
angles of tae straight line through the points (1, -2, 0) and s, -10, 1).
' Sblution:_ Direction ratios of the line are
5-1,-10+2,1-0i.e,34, -8, 1

and /Ayl =/6+64+1= J81 =9

Direction cosines of the line are L.y 8, 1
9 9 9

and the meacares of the direction angles are

4 5 5
) W i -1 L
o5 = cos ( 5 ), cqs 5

Sxampl> 6: Find the direction cosines of a straight line that has all the directio?
angles congruent.

Solution: Here a - g =7

_ "“herefore cos?a ‘+ cos?f + cos?y = 1
b

> 3cosa=1, % cs@=g ——

I3

Hence the direction cosines of the straight line are
1
i ’ l y l OI' - l ’ -— l y = 1
o ' e
Example 7: The direction cosines of two straight lines are given b’;nglc

ecuations 1 + m + n =0, I + m* - n* = 0. Find measure Cg,%e 1985
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Solution: l+m+n=0 ' _ o
Cp+m-om=0 . A Eegei e 1 In
proml n=—(+m) _' | |
Substltutmg the value in equauon II, we get
1=+m2—(l+m)=—01e -2lm =0
. gither 1 =0 or m=20
w 1=0, n=-m Or R oo Bb
If & T4 1
_.1_..= .__nlz _1_1._ lm n I t al
0 q 1 are proportion
to' 0,-1,1 re_spectively and their actual values are 0, — : ’ l
b o R &
ST R B i T R R
v -1 1 0 -1
l, m, n are -i—- 0 _-1—
P i s |
P _‘l_and,l_,o,__!_

Thus the direction cosines of the two lines are

Jfﬁ 2 /2

If 6 is the measure of the angle between them then

cosd = 0. '__1__+(_____1___)_0+ _._1__(_ 1 .)._._i-
12 T i I 2

EXERCISE 10.1
Show that the points (3, =1, 3), (1, -1, 2), (2, 1, 0) and (4, 1, 1) are the vertices
of a rectangle. :

13,2, 0), B, 3, 2) and C(-9; 6,
t9e coordinates of the point of intersection

-3) are the vertices of a triangle ABC. Find
of the internal bisector of the angle A

 With the side BC.

joining the points

Find the ratio in which the vz-plane divides the line segment
(P.U. 1990)

@, 4, 7) and (-3, -5, 8).

- What are the direction cosines of the coodinate axes.

:n line makes angles of 30° and 60 with Zhe x and y-axes respectively. What
gle does it make with the z-axis?
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‘ : . ight line are @, B and
6. . Prove that if méasures of the direction angles of a straight lin B v
. . Prov ! es. _
then |
sin*a + Sin25_+ sin%y =2 | I e e S
7- If the edges of a rectangular parallelopiped are a, b, C. Show

e - c’)
i i rc cos ( |
angles between the four diagonals are given by arc ¢ YRy T

(P.U. 1989)

1
. ] be is cos l L -
P ' 1 between any two dlagonals Of a Ccu : 3 ‘

9. A straight line makes angles of measures @, 8, ¥, é with the four dlagqnals of a
cube, prove that -

Cos?r + Cos?B + Cosy + Cos?6 = .i;. | (P.U. 1988, 91)

10. Find the angle between the two straight lines whose direction co;ines. are given
by the following equations.

(1) l_—¥2m—2n=0
Im+mn+n =0

) l+m+n=0

- 2lm+ 2ln-mn = Q

(iii) 20+ 2m-n=90
lm+mn+n1=0-

(.U. 1987)

"11." Find the direction cosines of the line whi

direction cosines are proportional to 3, =2,3and |, -2,.-1.

2. 1f 1, My, ny; .12, Mg, Ny, I3, my, n, are .direction cosines of three mutually
perpendicular lines, prove that the | '

ine whose direction cosines are proportional

ch is Défpendicular to the lines whose"

bl , my +.m2 + ms; n; + N; + n; makes congruent - angles with
k . (P.U. 1986)
3._ ;&1 :-an&able line in two adjacent positions has direction cosines I, m, n and 1 + 61,
ositi i,n + én. Show that the measure of the Small angle §§ petween the two
POsitions is given by (§6)2 = (82 + (6m)? 4 (6n)2
14,

If A, B are the points (3,

_ (P.U. 1987)
_ 4,5), (-1,

: ‘7)3 ﬁﬂd : x p that
stant = k(say). the locus of a point P such

I5. Find the angle between the 1

. VO sty
the equations | 4 2m + 3p

®IF direction cosines are given .hy

4ln = 0. (P.U-‘ lgm
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Exercise 16.1

5 Solution: B(1, -1,2), C(2, 1.0 and D(4, 1, 1)

Let the points be A@G. -1, 3). .
A= JO-3 +1 FIR+2-3 = Jaro+1 =[5
T =17 +41 -0 =f4a+0+1 = J5

cD = J(@4=2¥

AB = CD
And AC= [(2—3)2+(1+1)2+(0—3)2 = J1+4+9 = J14
T+ 12+ (1-2)? =J9+4+1 = J14

BD= J@-1)

AC = BD ;
T FIP+0-2F =Ji+0 %4 = J9 =3

BC= J(2-1Y
= fiFd+4 = J9=2
A ¥

AD = [(4-37 + (1 + )2 + (1-3)?

BC = AD. Hence ABCD is a rectangle. _ ’L_,.C

> Solution: L
The internal bisector AD of A divides BC in the ratio of the sides AB and AC.

ie. BD:DC=AB:AC
AB= /G- FG-FTe-0fp=Jar1+a=/9=3
AC= J(9-3)7+ (6-27 + (-3-0)°
‘= /184 +16+t9 = /169 = 13
BD:DC=3:13
-9) + 13(5) _ 38 '
Hence forD x = 1( = A :
S = (3,2,0)
yu 36+ 133) _ 57
3+ 13 16
3¢-N+ 130 1
L = - = B D C
3+ 13 16 15.3,2) (-9.6-3)
Hence requiréd point D 1s (E. L n )
16 16 16
i Solution: '
1]

Suppose that the yz-plane divides the join of the given points in the rabio "
Then x-coordinate of the point which divides the join of the given points 10 the

. : mi~3) + n(2)
(ALO M s e which must be zero as it lies in the yz-plane.
m-n

=3im + 2n b
=22 0 1e. IM =20 =0 or o Le. m:R "= 2:3
m-v“ ’.“
M"‘;@

n J
-
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a, Solution:
For x-axis the directional angles are 0, 90°, 90°.

. . . P i
‘Hence direction csines of x-axis are 1, 0, 0.

Similarly we can see that the dlrectlon cosines of y-axis are 0, 1, 0 and those of z-
axis are 0, 0, 1.

5. Solution: : :
Here: @ = 30°, B = 60°. We know cos2 @ + cos? B +costyY =1
© o cos?-30° + cos® 60° + cos? ¥o=.1"

4 _

1. : '
L Feost Y =0 5 oY =0 (55 =000
G A 7. B

“Hence the line makes an angle of 90° with z-axis.

6. Solution:
* We know that if @, B, 7Y are the dlrectlon angles of a straight line then

cos2q +. cos?B + cos?y = li.e. | — sin?@ + 1—-sm2ﬁ+ 1 —sin2y =1

ie. sin2 @ + sin2 B + sin2y = 2 as required. o
ki A <

& Solution: ; ' ‘ s E

The edges OA, OB

and OC are a, b, ¢

respectively. We take

O as the origin, OA % b=

as x-axis OB as Y- : B

axis and OC as z- D

axis. g, 0C

Therefore the coordmates of the vertices of the rectangular parallel‘opiped are

0(0, 0, 0), A(a, 0, 0), B(0, b, 0), C(0, 0, ¢), D(a, b, 0), E(0, b, ©),
F(a, 0, c) and P(a, b, ¢)

. The four diagonals are OP, AE, DC and BF.

Direction ratios of OP are a, b, ¢ and direction ratios of AE are —a, b, c.

: _'Therefore if o be the angle between OP and AE then.

—>y

: —aa+b b+c.c —a2 + b2 + ¢2
cos @ = - (a) =

JaZ+ b2+ . aEF At a2 + b2 + ¢

. e _12 2 2
At a> +bc+cC

Q= ai‘c cos
a2+ b2+ c?
Similarly we can find the angles between the other diagonals. These angles will be

_ i W2 o o
S e AT E B E o
' a? + b? + ¢?




8. Solution: T.Z -
Let a side of the cube be - e :
a. So as in last quesliqn
the vertics are S s
0(0’ ..0‘ 0)’ F B s
Afa, 0, 0), B0, a,-0)
€0, 0, -a),-D(a, a, 0),
E(O a, a), F(a 0 d) P(d
a, a)
Direction ratios of OP are a, a, a and those of AE‘are —a, 4, a
. If @ 1s the an}:]e between OP and AE then \ "ﬁh
w s e gt s TR R
' a? + a2 4 a2 o

= cos !

w | -—\q},,g-}

9, Solution: .
See ﬁuure of question 8. Then asin tllat question the. pomts are -
- 0(0, 0, 0) ,-A(a, 0, 0) , B(O, a, 0).,:C10, 0,:a) . D(a a, 0) E(, a, a)
F(a, 0, a) , P(a, a, a) :
. The dmgonals are OP, AE, DC and BF. The d c's of OP are
a : a a

? L]

S romrapy BT SO roprapy J a2+ a® + a2

i.e. £t 3 . L . Similarly we see that
o Vizp
d.c's of AE are — —1——'-, : =t : :
s
_d'.c-'s of DC are — - ; = » -
/ B

i - e MR s 1
and d.c‘s of BF arc‘\j— '\I_ \/—
Let the d.c's of the line Wthh makes angles @, B, Y and § with the diagonals
[, m, n. :

. R n
cos@ = — l' + .m o ] 00$ﬁ= i et fj"
B iR J3 43 /3
s = s BN e
3 3 3
rad © cos § = S L
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Squaring and.adding we get

Cos’a + Cos™p + Cos™y + Cos'o= "/, (A2 + p + vy =7

10.G)  Solution:

The direction cosines of the two lines are givne by

[-2m—2n =0 i e T B T e s (1)
Im+ mn + nl =0 ' P R L .4m
From (i) [ = 2m + 2n . - (11) becomes m (2m + 2n) + mn + n (Zm + 7n) .
e 2m? + 5S5mn + 2 =0.0r (m+ 7n') (Zm + n) = P - :
- Either m + 2n =0 - p L% - . ! e (111)
oj' 2m+n=0 - ’( et (P il gy SR )
Fro;n (1) m = .“21’_! 0, d==4n4+2n =-+2n"° '
oW B Rt N S e (A)
T wd | ;

From ¢éiv) n = —2m [ =2m—4m = —2m
A0SR el B L A it 7 0 e S (B)
2 =1 2 .

- The equations (A) and (B) give the direction ratios of the two lines.
If & be the angle between the two lines then
' 229D 220651

cos @ = =)
Ja+1+4. [4+4+1
a=90°=5 |
raad
(i) The direction cosines of /2> two lines are given by |
" l+m+n=0 SRRl S S O N e i R (i)
2m +2n-mn=0 o ion (D)
From () n=—=( + m). Substltutmﬂ in (1) we get
" 2lm—=2/( + m) + m( + m) '_Olc ?Zm—’JF—‘)[m +m+m2=0"
or "+ 2P +im+m? =0 or 28 = Im'-m* =0 or (I—m)(’?3+m)~0
- So the dnrectlon cosines ot two line are QWe%by
it l+m+n=0: n:’““\" :
-\\_—"}A e e = I LN S SATE R = iy (A)
. ; A=mp——=10 ) i
LAE ¢rex r*‘ 2 & = /"Z.T(‘ :
i _'.'zll+,:l=-mmi___lj = f a Rl 4: -‘? 2 ; ' YN (B)
'F_mm(A_) Lo e 4 05
L e R
From (B) k2 A -2 1 .
" ; s 2
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_ i ~1 5 o ( ) ( 2 ) ( | ) .
ey ( ) 6 J6 6 J6 -
TE 75 RECE AN
- : 1 _.2—’ — —-1 o —1- _'. 9 = — 3 N .
LT Al e R 3 Tt |
(iii)  The direction cosines of the two liens are given by '
y : aeeas. (1
20+ 2m-n=0 —rtes o (fi;-
" m+man+nl=0 R e e e T

From (i) n = 2! + 2m, substituting in (ii). R
lm+m(’?l+’?m)+l(21+7m)—016 22 + 5lm + 2m*> = 0

or (21+m) (I +2m) 0. So the direction cosines of the two lines are gwen by
2L+ 2m-n=0 ) . : "
204 m . =0 | : - i
. .I " .
R e S e e ®
l + 2m =0 " . ' :
From (A). L G ML UM 4
1 -2 =3 3
FrOm'.(B) o M =l ol
- /el | 2 3

I8 is the angle between the two lines -

ftr,;5ﬁ=_l__,_2_,+(i)(.:1_)”+(.:_2_).ll
MR ORS e 3 3705 A 53 3.

2.2 4 — = N ~ o
=055 0.8—2 : 3}_2M+3n-
11. Solution: - ' ; g ~&

: Let the requnreddcsb I m, n then - 7
\”j"a 3/1-2m +3n =0 an I—Zm— ;Q i \ﬁﬁ*j
“)which give [_ - _Il.}_= ah OF. « — = _IE s T B ey - Jr;g—,f"]-f(l

8 6 -4 4 3 =2 e
_ g 39

] 4 3 =2 : :
v , M, N are — ;

J 29 J 29 J 29
12 Solution: :
If 9 is the angle between the line whose d.c's are ly, my, n; and the line-whos®
d.c’; are proportional to I, + /, + Ly, my + m, + m3, n; + hy + p;.
CDS i /| fl! + rz + ’22 + m, Sm! + m- + m!! + n! 5“! +n, + lh)
(W + 1+ 1) + (m, + m; + my)° + (n,

W"'{’ﬂ‘
+ 0+ ny )' i*

o +m1+ﬂ1+“z+mlmz+ning+l.'3+m1m3+n1ﬂ3
/ h+m1+n|+la+m2 + ny? + 152 + m32 + n3y .
( 72112"'721213 +2l311 )

el e A
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As the lines are perpendxcular by + mymy + am = 0
bl + mom + myn3 = 0 e
L+ mms +nmn3 =0 . cos? = ' -
hslml{ : - J1+1+1+0+0+0 /3
This is independent.of I's, m's, n's. Hence the result.
. Solution:
Asl,m,nand! + 8/, m + §m, n + n are d.c's we have -
B T T e |
(1 + 812 + (m + 6m)> + (n + én)? = 1
or P+ m?+n? + (8)° + (§m)® + (8n)® + 21 81 + 2m ém + 2n én = 1
or (8D? + (bm)2 + (6n2 = 2 (16l + mém +nén) ... 2)
o9 00559 =1+ &)+ m(m+ ém) + n(n s 511)
.=[’+lt5!+m-+m5m+n-+n5n ¢ T;Q_'I“CQ':SZ':Q
. .. VNS e
- ——2~ { (6D? + (6m)? + (én)? } ey ey T 1
LY '59 7‘~2 2.8 (-4'/‘ = |32l
ie. 1—-2sin2 — = 1--[@0 + (6m)2 + (6n)? )} ! 23
: ' 2 Col3le =~ 42 &:M___t_’_
4 sin? g = (81)? + (IL‘Fm)'-J + (6n)? As 60 is small Cos )> & =l->3 &;.31 &é’
2 | ; —

4 ( _;, 50 )3 = (51)2+(6m)?+(6n)2 i.e. (66)% = (61)2 + (6m)2 + (8n)?

14. Solution:
Let  P(x,y, z) be a point on the locus. . ' 'y
The equation (PA)? — (PB)? = K becomes |
[ /37 + (=47 + @52 P - [ Jx+ 1) + (y-3) + z+7)° =K
©.  "6x—8y—10z + 50 - 2x + 6y — 142—-59 = K
“8Xx~2y-242-9=K or 8x +2y + 242+ 9 + K = 0
Is. Solution:
The direction cosines of the two lines are given by
!+ 2m + 3n =0
3Im+mn-4/m =0 :
From (i) / - . m - 3n, substitutinginGiy o
3m (=2m - 3n) + mn - 4n (-2m=-3n) = 0

1.2

or

Le,

; + 6m?--9mn + mn + 8mn + 12n2 = 0 or =6m? +12n2=0 or m?-2n2=0
.2

/ (m / - : i

% + J2n) (m J2n)=OE|lhcrm+J2n=0

m“42n=0 If m+ /2n=



m==-Jl2n . — = — =K(say) 21=-2/2R+x%
5 R |
—’_-— = K. - d.c'sof one line are given by

~342[2

I __m _n
-2/ [z
Now it m - ,/Tn =0 6 m = /Tn or — £a
|

T2

As betore we can get d.c's of the second line as
- m n

-2 2+ [T '

It @ 15 the angle between the two lines then

cos @ -_-‘.3_._ :"' :__“2'/_:_") * 2. v 2 + (. l =0

JO=2J + 231 .JCR2+30+ 2 +1

<
il
19 |



' ENSIONAL GEOMETRY | :

pIM : 4 ‘4 3

THE PLANE

ol pefinition:

 plane surface (or briefly a plane) is a surface such that every point on the
qraight line joining any two points of the surface lies on the surface.
Aplane in 3-space is uniquely determined by specifying a point in the plane and a

weclor perpendicular to the plane. A vector perpendicular to a plane is called a
normal to the plane. : :

1L Eqﬁntion of Plane:

Tofind the equation of the plane through a given point A(xl, Y1, Z1) and with the
non-zero normal vector n = [a, b, c]. '

Lt P(x, y, z)-be any point in the -
Eljne. It is obvious that the vector

iPis perpendicular to n.

Ap:'[x._x . i
- .Y =% 2 ]
= fah, o]

% AP s perpendicular to n.

D.AP=Q

l..e.’ [a, b’ C} * [X XL Y~ Y1, 2 — zl] =0
l
.Eq a(x."xl) + b(y.....yl) + C(z...zl)= q X

T B 3=y
eq-u:. T®quired equation of the plane. This is known as peint normal form of the
thn of the plane. : .

s

X
I. Theorem
{,
b}";b’ ¢ and d are constants and a, b and c not all zero, then the equation ax +
“+d =0 represents a plane having vector, 1 = [a, b, c] as a normal.

I: , :
thgy a By hypothesis, a, b and ¢ are not all zero. For the moment, we assume
*0. The equation ax + by + ¢z + d = 0 can be re-written as

'a(}"{' -g—)\+by+cz=0
|
e a[h(___g_.)] +bly-0]+clz~0] =0

- i, e ; Point normal form of the equation of the plane passing through the
. (‘ Py 0, 0) and having n = [3, b, c] as normal.

’ lheﬂ either b * 0 or ¢ % 0 These Cases can be hand]cd in d Similar “’3}'.
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The equation ax C+ by + cz + d = 0 is called the gener al form of the equati |
of  plane. : - ‘

10.2.4. Normal Eorin of the Equation of a Plane:

To find the equation of a plane in terms of p, the lenght of the normal from the
ovicin t¢ it and 1, m, n, the direction cosmes of the normal. (o
regarded positive). :

- Let OA be the normal from O to
the given plane; A bemg the foot

18 10 be aIWaYS

of perpendicular. Az
Then | OA | = pand |, m, n are
direction cosines of OA. Hence
the coordinates of A are - : :
(o, pm, pn). .
Let P(x, y, z) be any point on the Sras B
~ plane.
—_ —» 1

= [x=pl, y - pm, z - pn]

—' B
It is obvious that OA is

-p'erpendicular to Ki’
OA. AP =0
ie., [, m‘,.n] .[x-pl,y-pm,z-pn] =0 .
e., I(x-pl) + m(y -pm) + n(z-pn) =0
je., Ix + my + nz = p(> + m* + n?)
or lx+my+nz—p because 12 + ' m?+n2=1
10.2.5.  To reduce the general equation ax + by + ¢z + d=0 ofa plane’”
the normal form Ix + my + nz = p. £ ef‘"J

jents ©
As the two equations represent the same plane, comparing coeffic
ecuations we get

P Y T i \f 12+ m?+n* _ ',~-f':"""~
"_T"—*—_':"__"“— RS S g [ .2 4 be ) |

G ; are Pr
raus the direction cosines l m, n of a normal “o the plané are P
a,b,cand

o gBE R R U L
A K . i aﬂ
Bu. pis t=~ays regarded Positive, thereforc, we take positive or nes




' pefore the expression 4/ Ta?

cceording as d is negative or positive.
" qhosif d be positve

4 _
|=~- , M = — b ' c

,/-'23_2 JZaZ ./_Ea_2 _ J 2a? :

If, d, be neg-‘cltivc, we_have only to change the signs of all these. Thus the normal
form is obtained by dividing the given equation throughout by a? or

- [2a? according as d is negative or Jusiive. '

‘Example: Reduce the equation 2x - Yy+2z+ 1=20 tothe normal form.

the direction cosines of a normal to the pldm_a are — —2-, | %, —32 and the

length of the perpendicular from the origin to the plla-ne is —1- o]

102.6. Intercept Form of the Equation of a PI:__me:

" To find the equation of a plane in terms of intercepts a, b, ¢ which it makes on
the axes, '

Let the equatioi_l of the plane be -
Ax+By+Cz+D=0 |
The plane meets the axes in the points (3, 0, 0), (0, b, 0), (0, 0, c).

As these points .ie on plane (i), we get '

A2+ D =0 imAéfg;
Bb+D=0 1e,IB—-f-g,
u¥b=o ch=-§;
(i) becomes — -a—x—_—gy— -?Z'*'D"O

Or-
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10.2.7. Plane Through Three Points:

To find the equation of the plane passing through the three non-collinear poing

(X1, V1. Z1) (X2, Y2, Z2) (X3. Y3, Z3)

. Let the required equation of the plane be

ax + by +cz+d=0 : S e, ()
As the given points lie on the plane, we have

ax; + byy + czy +d=0 (i)

ax; + by + cz2 + d=90 _ (i)

axs + by; + CZ3 -+ d — O : (w)

Eliminating, a, b, ¢.d from (i) — (iv), we have
X ' y z
X; Y1 Z
X2 Y Z2
X3 Yy Z3

which is the required equation of the plane.
Note: 1. Through three collinear points, infinite number of planes pass.

2. In actual numerical exercises it is more convinient to follow the
_ method used in the example below.
Example: Find the equation of the plane through the three points A(2, 1, 1),
B(6, 3, 1) and C(-2, 1, 2).
Example: The general equation of a plane through (2, 1, 1) is
ax=2) +bly-1) + cz-1) =& ) T e
It wiﬁ pass through B and C if
4a+2b+0c=0
ana —4a + Ob + ¢ = 0
These give & = b _j"_; .}
2. 5. B.C 1 -2 4
Suostituting thesc.'val'ues in (i) we have
Ix-=2)=-2(y-1) + 4@z-1) =0
18, X =2y +4z-4 = Qas the required equlation.

10.2.8. . Angle Between Two Planes: |

The angle between two' pla;

m
vectors. Thus the angle P g defined as the angle between theit 10

een the two planes;

G5 S L B +
o Gz dx-O and a2x+b2y+c-,~z+d-n=0
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wal to the angle between the lines with direction ratios
»

b i b o

od 8, therefore, = cos™! ( aia; + byb; + Cicz)
. /Ca%) [Za7)

herefore, 1WO planes are pmdld or perpendicular accoraing as the normals to
pem are parallel or perpendicular. Thus the iwo planes.

ax+by+cz+d =0 and ax + by +cz+d; =0

,,ﬂlbcpll’l“cl, if .lia] - blibl = CI!CJ
MWI“M perpe(ﬂi(:\.ﬂu. if 4,4; + .blb: + €€ = 0

129. Distance of a Point From a Plane:

The perpendicular distance of a point P(xy, y1, z;) from the plane
u+by+cz+d=0is | ax: + by, + cz tdl

Jat + b+
Proof: Let Q(xo, yo, zo) be any
point in the plane, and position of

the normal. p = [a, b, ¢|] be so
that its intitial point is at Q.

As in the figure, the distance D is ‘._ s -
equal to PQ Cosé / ' ‘ FEREE

- _ : /
D= QPCosé n| _ |QP.nl | /
ln| |n | ['he, 8 :

- / Py
Bu QP =[x, - Xo, Y1 ~ Yo, Z1 ~ Zo) / M S

Qp-n=[m—m.yl—yo.Z.-zJ]-ia,b.CI
= a(x, = xo) + b(y: = Yo) + ¢c(z1 — 7o)
M= T
Thyg distance p — |31 = 70) + b1 —yo) + c(z1 - z0)|
Jaz +b* +¢?
= & + by, + ¢z, - (axo + byo + c20)|
Jat +b?+ ¢t

the Point  Q(xq, Yo, zo) lies in the plane, its coordinates satisfy the equation
¢ Plane, 5o that |

L lx“'{.byf!"f‘(12.:;;+(;|'"'-=0(:)1‘21)'104'b)’o-l'Czo=—d

of th
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| ax; + oy; + ¢z, +d |
SRR e

‘Note: By distance between two points w2 mean the straight distance bety,
two points ‘and by distance of a point from a line or plane we
perpendicular distance of the point from the line or plane.

So we get distance = D =

cen the
Mean th,

10.2.10, Solved Examples: =

\/éample 1: Find the distance between the parallel planes x + 2y - 27 = 3 and
X+ 4y-4z =7, ' R '

Solution: To find the distance between the planes, we may select an.arbitr
point in one of the planes and compute its distance to the other plane. By setting
Y =z =0 in the equation x+ 2y -2z = 3, we obtain the point P(3, 0, 0) in
this plane. Thus the required distance is the distance from P to the plane
2Xx+4y—-4z-7=0 -

120) + 4@ -40) - 7| _

1
ie., = —
iy By e 6
'\}ifxampl‘e 2: Show that the points (0, -1, -1), (4, 5, 1), (3, 9, 4) and (-4, 4, 4).
are coplanar. -

Solution: The equation of the plane through the points (0, -1, -1), (4, 5, 1) and
(3,9,4)is i : :

X' y z 1
0 -1 -1 1 oy
4 5 1 1
3 -9 4 1 ]
* Thus the given four points are coplanar if
—4 4 4 1
0 -1 -1 1 i
- JOBERL L LY
\ 3 9 4 1 | :
“ -4 4 4 1
NowL.H.S = 0 -1 -1 1
i 4 5 A 1
3. 9 4 1
Adding 4th cobima in 2nd and 3rd column
i L 4 5 5
S W T I e[ g g e
4. 6 . 2 1 3 10 5
3 10 5 1
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= ~4(30 = 20) - 520 - 6) + 540 — 15)

i = —40 - 70 + 110 = C. Honce the fcur points are coplanar.

mple 3: Find the equation of the

plane through (5. — : '
(o each of the planes, X + y —2; _3 ugh (5, -1, 4) and perpendicular

| =0 and 2x -3y + z = 0.
Solution: A plane through (5, -1, 4) s

Cax=5) by + D) +cz-4y =g

- pg it is perpendicular to the two given planes, we have

a+b-2c=0
2a-3b+c=0
N c R
T 1 M e e T e

Hence the equation of the required plane is
x-5+y+1+z~4=Cie,x+y+z-8=0
ample 4: Find the equation of the plane through the points (1, 0, 1) and

| ,2, 1) and perpendiculér to the plane x-y—-z-+ 4 = 0. (P.U. 1988)
| Solution: A plane through (1,0, 1)is
*;l ax-1)+by-0)+cz-1)=0 i R S I
. As it passes through the point (2,2, 1) -
| a+2b+0c=0 - - e 1
,I Als plane I i perpendicular to the plane X =y -z + 4 = 0, therefore
| i Te g e T R S Il
| From 11 & IIl we get. e

a . —% = -y

_ 2-0. 0+1 -1-2
| Required equation of the plane 15

-

. = ¥ -1 = 0 i.e., '
YK-1)-y + 3@ ) f the plane through the intersection of the planes
ple 5: Find the equation 9% °% "'_ g and the point (1, 1, 1)

X+y+z=6and 2x+ 37
Solution; Tthe plane '

3
-6+ k@2x +
X+y+1z fmcgi\’e“p

= 0
+ 4z + 5
{ Janes for all values of k.

Passes tkrough the intersection O

| . It wijy pass through (1, 1, 1) if




Putiing k = —_ in (i), we gat

(i) 4, -1, 2), (-3, -2, —_1),.(7, =1 3)

- measure of the angle betwesn them.

o

i CALCULUS AND ANALYT]c GEOMp
“‘3 + 14k = O or k i
. 14

20x + 23y + 26z ~ 69 = 0 which is the required equation of th, Plane

Example 6: Find the measure of the acute ﬁngle between the planeg

2X+y-z=17, X+2y+2z2=06 (P-U.1991)

Solution: The direction ratios of the normals to the two planes are 2, 1, 5

and 1,2,1.

The angle between the two

planes is the same as the angle be
the two planes. Therefore,

. tween the normals ¢,
if @ is the angle between them ‘ 3
bang s T 1 B g
JA+T1+1. T+¥4+F1
P
-3

EXERCISE 10.2

Find the equation of the plane through the three given points
) (2,2,-1),3,4,2),(7,0,6)

Convert the equations of the planes - "
3x -4y + 52 =0 and 2x - Yy =2z = 5 to normal forms. Also find

) ; | . oo 10
Find the equation of the plane through the point (2, -3, 1) and which is norm
the straight line joining the points (3, 4, —1) and (2, -1, 5).

Find the measure of the acute angle between the planes.
(i) Zx-y+z-6=0, X+y+22-3=0
(i) 2x+y-z-5=0, X~y—=2z2+47=10

4 . . e meﬂl |
Find the equation of the plane which is perpendicular bisector of the line s¢8

199
joining the points (3, 4, -1} and (5, 2, 7). (.U

- . . g) ¥
Find the " equation of the - plane passing through the point (‘1»__38’ ‘
perpendicular to the planes x + 2y-22=15 and 3x + Iy + 2z = U 199!

-. d
: 6).

Find the equation of the plane through the points (2, 2, 1), o, 3

Perpendicular to the plane 2x + 6y + 6z = 9, 8

. i |
? orig!
Weite the equation of the family of all planes “}hose distance from the =1
seven. Fin

5
d those members which are parallel to the plane x + y '+ Z(:U, 1990)
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find the equation of the plane which passes through the point (3, 4, ), has an
intercept equal to =5 and is perpendicular to the plane 2x + 3y . z’--- ’3 2
(P.U. 1985)

Find the equation of the plane which passes through the intersection of the planes

2x+y—-4=0, y+22=0 and which
@ 1s perpendicular to the plane 3x + 2y - 3; = 7
(il) pasSBS thl‘Ollgh the pOint (2, “l, 1)_ .

Write the equzﬁtion of the family of planes having x-intercept 5. y-intercept 2 and
5 non-zero, z-intercept. Find the member of the family which is perpendicular to
the plane 3x -2y +z-4 =0, '

A variable plane is at a constant distance p from the origin and meets the axes in
A, B, C. Through A, B, C planes are drawn parallel to the coordinate planes.

- Show that the locus of their point of intersectionis x2 + y2 + z72 = p™%.

3.

14,

1S,

(P.U. 1991)

The vertices of a tetrahedron are (0, 0, 0), (3, 0, 0), (0, =4, 0) and (3, O, 5).
Find the equations of the planes that form the sides.

Find the equation of the plane through the intersection of the planes
x-v+3z=0 and x+2y-2z-3 =

and (i) at a unit distance from the origin. _ |
(ii) perpendicular to the plane 3x -2y +4z2-0=0 (P.U. 1988)
(iii) having x-intercept 6.

Find the locﬁs of the point whose distance from the origin is three times its

distance from the plane 2x =Y * 2z = 3.
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| 1.(i) Solution: _ A

- The three points are P ( 2,.=11:0 (3 4, 2) cmd'.R (7 0, 6) '

The general CL]lldtl()l‘l of a planc {hrous_vh P(2,2 25104 18

_ 'dfx-?)+b(y—’7)4~g,(z+l)—0

It will pass thmugh Q and R, if ‘
' "d+7b+_3c~‘0.and'
5a=2b+.Tc =0,

b ¢ RN i)

2

------

- These ﬂnc:—i—' =—=—— o0or — =
| 2018 =12 =2

Subsltutuwr these values in (i), we ahve

9 S(x~”)+7(v—7)—3(z+l)-—0
1.8 5x + 2y —3z— 17 = 0 as the required equation.
(1) The three pomts are P4 =1, 2), 03, =2,<1)and R (7 -1, 3)
Equation of a plane through P (4, —-1,2)isa (x—4) + by + ) +c(z-2) =
Since the other two points lie on this plane
; ~TJa-b—-3c=0 and 32+ 0b +c=0

o
-3

] Fy , i - { - L
which give —- = —'= —
: = ~2 3

saee . umtnon of the plane 1s |
{+ 2@yt 1)-3(z=2) =0 Qe x+2y-3z+4=0

H.

n o
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3. Solution: ) : :
3x—4y +52=0 e ©

" Dividingby /3% + 47 + 52 = 5 f—

We get the normal form of the equation

3 e 5
8. 0 RO - T 5J2 _ . D
- - —— "2 1 2 5
_ Dividing by ,(4 ,+ 1+4= 3weget-;x— ?y—- ?z——' -3—
Measure of the angle between__the planes is given by :
: 3 V2 —4 1 5 2
i T e ()
gifig (w0 5/2 3, 5/2 :
2 4 2 : -
I T - - 3/2 - R
='iir—4~_l—0 = 0. Hence 0 = -!-%
15520 | 2
3. Solution:
The direction ratios of the given line are e 7
2-3,=1-4,5-(-1)] or [-1, -5, 6], v
Hence the required plane through the point (2, =3, 1) is
FDE=-D+ DG+ +6(z-1)=0
or - —x—5y+62—19—I0 or X +5y=6z2+19 =0 '

4. Solution:- : :
(i) - The direction ratios of the normals to the planes are 2, -1, 1and 1, 1, 2. E
: Measure of the angle between them is given by N,

; , ; N
Ay-+4=1 ‘ :
st DR ED Y =1=L,,_9=l‘_- |
JEZrEp+ 2. fPrzre 6 12 3
(i1) The direction ratios of the normals to the planeé are 2,1,~1'and 1, -1 x
Let § be measure of the angle between the'planes. Then
: 2-1+2° 3 '
‘el = ——— == Hente 0 = 1
6. J6 .8 3
5. Solution:

. The diréction ratios of the line joining lhe given points are
iy 2 -4, 7={(-1) il 2,-2,8
\lso the mid-point of the segment joining the given pomts 1S

+4 7 =
(5 ;_1 - 24 7 )— (4. 3, 3). Hence the rcqmred plane &
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2G-H+H (D=3 +8(z=-3)=0 "
or 'zx—Zyl+82=26 Of - X~y 4 dz =13

6. . . Solution:
_Equtlon of a plane through the point (-1, 3 2)1s
a(x+i)+b(y—3)_+c(z_-2)=0 :

L

It will be perpendicular to the two given planes if il |
 a+2-2=0 and 3a+3b+2=0 CaE i =
which give - g g b d e Fogd o B g b L 20
- 446 -6-2 3-6 0 -8 . -3

. The required equation of the the plane is
10X +1)=8(y=3)=3(z=2) =0 i.e. 10x—8y—3z+40=0
7. Solution: - : ' %
Any plane through (2, 2, )is ; :
| a(x=2)+b(y-D+c@z-1)=0" - s (U
It will pass through (9, 3, 6) if | | ; 1
3= +b@-BrLilbol=0 -

ie. . :Ta+b+5c=0 ' ' B B L TR ) (i)
The plane (1) will be perpendlcular to the gwen plane lt A

2a + 6b + 6¢ =0 | j w3 e ()
From',(u) and (i11), we have |

a Bt e a i BT e

N R TRTRT s a e IR
Substituting in'(1), we see t!x the equation of the required plane is
' 3(x-—2)+4(y-f7j 5@-1=0 or 3x+4y—3z—9

8. Solutmn

the ﬁql.ldtl()l'l of the family in normal form i is Ix + my + nz = 7
‘where [, m, n are direction cosines of a ‘normal to the plane. The eq
+ z + 5 = 0.in the normal form is

fSi§ S - W
X Y---+_ z__+. R R R IR (

+ i :
-d 3 = 73 —,/;i ‘—J3
. has normal vector with direction cosines
' 1 1 1

uation of e

plane x + y

A plane parallel to (1)

-1 -—l ' ___-)
or (——— ‘ ,
(f— e L2 = ol o
Thﬁa‘ there -are two members of the family parallel to (1)- Thcy P 7=( .
o 8 l __,..-—" z ]
I I 'l o 7-0and—=x+—Y"
" —-— X e ST iR f“ 3
: T E T L /3 £
' §
9. Solution: - i

Let the cquation of the planc be | ‘ ]
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2 Ly — 1, Here A =—35.
A B 2
e SR LY R , e 08
-5 B Gl £ g .
f‘ﬁﬁﬁrs plane is pcrpCIldlClll‘ll‘ o 2x+3y-2=8 we lm».. A
TR R Gy | DR
2(_5)+3(B-)3C—(1 T B-C—_(_}
cH e dec B e e Sl e e LIS s e @)
B € 5
Also the plane (1) passes hrough (3 4, 5),
O ; ' : 3
_3_-}—.1 _5__—.:1_(“- i-}-_s_lzl-}-_:-—— ....... (3)
% == B C _ B L2 3 5
From (2) and (3)
LB e 99
B 1e
Equation of the plane is
&8y v 16 St B _
¢ 18y 162 . oos 19x - 18y - 162 +95=0
by g 95 95 Y
10. ~ Solution: g : : ;
Let the equation of the plane be 22Xty = 4+k(y+220=20 s
ar. 13 ‘7x+(k+1)y+7kz—4#0 Az O Sl TR AT i)
) It will be perpendicualr to- 3x + 2y — 3z =7
if 23+ (k+1).2+ 2k. (—3)—-0—=> S G
: The required plane is 2x + 3y +4z-4=0
(i1) The plane (i) will pass through the point (2, =1, 1) if -
22+ k+ DED+ k.0 = =0 ie  4-k-1+2k-4=0==2k=1
The: requlred equation: of the plane is
2x +2y +2z—4=0 or X+y+z=2
11. Solution: - za '
The given plane is ? _
3x—2y+z—4_0 . PR e b (1)
Let non-zero z-intercept be c. Equation of the requnred family of olanes is
o G N ER 1, where c is a parameter. )
5. 2 c
1f a member of this family is perpendl(:llldr to (1), then we have
- — 4+ — =0 or —=:— lLe. €= <
S 2 c C 5 2
% ' 2z
" i s N e B T _"_+ L ¢ = =1
The required plane 1s - + = 1 i.e. - > .
13, So_hition | '

4 " ‘-'""'
Lot the equation, of t.hg_plane bei. A s s s e
T e e < — . H
st YOI n
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Ix+.my'+nz=-p; F+m3+n2=1'

. vk
plf p/m g p/nil
~ Thus coordinates of A, B, C are respectivley (pll 0,0), (0 p/m, 0), (0, 0, i .

Equation of the plane through A (Ll AL O) and parallel to yz plane is 'x = __Q |
_ A | : | 1
o ’ ’ » .' ] ) ‘ R . : : ;
Similarly pldnc _lhr_oug,h. B(\l), iV ) and parallel to zx planc is y'= -ll;l1
anl plane through C ( g0 J_’_) and pavallel to xy-planeis z = P
. I n v b

\ , : n
Thus /- Ej, m = P_z‘ s [;* SinceF vm s =1
A PN S8 o o e e\
= + 7 + o =1 x3+y2+zzl~—p%
13. Solution: ; ' el %
Let the vertices be denoted by A = (0, 0, 0), B (3,0,0), C = (0,-4, 0)and
= (0 0 5) =
: : Y
Equatmn of any plane through the point Aisax + by + cz =0 4(
1f it passes through, B-and C, then a=0andb = 0. Thus the plane through A, B,
_l:" Cis cz=0, orz=0.

Similarly, the plane through A, B il B 1 y = 0 and the plane through A, C and
D is x_= 0, Now we fined the plane through B, C and D. Thls can be wrmen in
the intercept form as - ©

X . b z e
— 4+ — + — =1 or 20x-—15y+_122—6
3 -4 5 : (g

14.  Solution:
_Any plane through the intersection of the given planes i 1s

2x—y +32+k(x +2y=22-3)=0

orf © @+Kx+k-Dy+B-2kz=3k ' e (1
(i)  Now the perpe‘ndicular distance of- this plane from the origin is
-3k

(e ol'gi\'cm-
-tﬁ+k)-+(2k n+(‘*- Zk)‘ ;

~Squaring and cross mullipl)jin'g we get
L]

DTRNEIET v L L T ONT ) | RS O )
6

Putting this value of k in'(1) we get 19x + 8y + 4z = 2]
whlch is the required equaiton of the plane at a unit distance from the orlglﬂ

@)  Since the plane (1) is perpendxcula.r to the plane
s Ix—2y + 42-6 = 0, ll;erefc-re
| 20 .
32 +k)—‘-‘(‘)k—l) +4(3—')k)~0 or 9k = 20 ie. k=5 .4

i 9 4




Putting this value of k-in (1) we have \ | .
., 38x + 31y =13z - 60 = 0 which is the required plane’
LT 6, 3k =6k + 12 or k = —4

| K2 | Fasl
‘Equation of the required plane is _ /

2 =9y + Mz + 12=0 ie 2x + 9y — 11z—-12 =0

(iiiy ' Here x-intercept =

15. ‘Solution: R

~Let”  P(x,y, z) be any point on thelocu‘c; |

- PO =3 distance of P from (i) where O is the origin.
2X =y + 27—~3- |

| T S T
or X+ y? 4 Z? =" (2x~y '+ 22— 3)2 _ -
o S . L R 42> + 9 - 4xy + 8xz—12x — 4yz+6y—12;‘!

Le. . 3x? 4 322 - 4xy + 8xz - 4yz- 12x +.6y-12z +9=0 - "CLW‘S -
." : ; : | > i ‘ . " ) A |
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ation of the plane which passes through’ the pomt (3, 4, 5), has an x-

- find the €44
al to =5 and is perpendicular to the plane 2x + 3y -z = 8.

b cetequ
ntefcP | . (.U 1985)

Find the equation of the plane whlch passes through the intersection of the planes
ix+y-4=0, y+22—0 andwhlch - :
i is perpendicular to the plane 3x + 2y - -3z =1.
0} passes through the point (2, =L1),

Write the equation of the family of planes having x-intercept 5, y-intercept 2 and
» non-zero, z-intercept. Find the member of the famﬂy which is perpendlculm to

'meplane 3x-2y+2-4=0.

1A

A variable plane is at a constant dlstance p from the origin and meets the axes in

'A, B, C. Through A, B, € planes are drawn para]lel to the coordinate pldnes
* Show that the locus of thelr point of intersection is x™* + ¥’ "2 4 z72 =p?

14,

lﬁ,3

(P. U. 1991)

The vemces of a tetrahedron are (0, 0, 0), (3 0, 0), (0, -4, 0) and 0, 0, S)'

Find the equatlons of the planes that form the sides.

Find the equation of the plane through the intersection of the planes
X-v+3z=0 and x +2y-2z-3=0

and (i) at a unit distance from the origin.
(i) perpendicular to the plane 3x =2y +4z-0=10 (P.U. 1988)
(iii) having x- -intercept 6. |

Find the locus of the point whose distance from the ongm is three times its

listance from the plane 2x -y + 2z = 3s

THE STRAIGHT LINE

L Deﬁnition:

A and B are two distinct but fixed points in 3- -space, we define the straight line

AB as the set of all pomts P such that the vector AP is collinear with the vector

~presented by a single linear equation in

A
8. Tn plane. analytic geometry a line is T
ill see) by two linear equations in

*¥-In 3-space a lme is, represented (as we wi

I x’y,Z
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- 10.3.2. Symmetric Equations of a zine:

Let L be a line passing through =~ £l ia

the point A(x1, Y1, z1) and parallel . Plryy

. to a non-zero vector _ : //
where 1, m, n are the direction
cosines of the vector a, as well
as, those of the line L. - :

Then L is the set of points. |
~ P(x. y. z) such that the veetn_r' AP
is parallel to the given vector .

Thus there is a scalar t € R such that / s
—_ . ] X
_Apzta_' o

or [X-xi,y=-Y¥1,z-z]=tl,mn]

which gives x - x; =t y-yy =tm,z-2z; = (n

X—Xyis* Yoy a8
m n

- Eliminating t we get

~ as the equations of the line in the symmetric form.

The equations (A) written as
X = K.l + tl
y=y +tm
z=12 + tn

are called the parametric«equ&rioﬂs of the line L. |
| but

Note 1: The equation (A) may be written as the equations of three planes — y
they are not independent, since any two may be combined to give the equatio®
the taird plane. Because the coordinates of every point on the lin® must Saat .
eack: of these three equations; each plane contains the line d is perpedni® £ the
one of the coordinate axes. These planes are called the projecting planes ©
- TEngl ‘ _ | i
In particular, as the x-axis is the intersection of the XZ and foP:ha:&;,’a;is |

equaiions are y = 0, z = 0 taken together. Similarly the equations 0
are x = 0,z = 0 and of the z-axis wrex = 0,y = 0.

Note 2: If1, m, n are proportiona! to £;; m;, m, equations (A) become

X wy ol Yy Lz
ll - Iy . n;

These may. also be taker: as the equaticns ¢ fthe line L.

T
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gxample: | Find the equations :: the line passing thrt:)uglf‘l the point (0, -3, 2) and
parallel to the line joining the points (3, 4, 7) and (2, 7, 5). ' Lt
' golution: The direction ratios of the line joining the points (3, 4, 7) and-(2, 7, 5)
‘a0 2— 3. T—4, §=Tor-1,3,-2 ‘or: 1,-2,2. . :
| Hence fne equations of the required line through the point (0, =3, 2)-axe
I b ¢ Y + 3 . 55 z —_2 :

T o3 e B0

10.3.3. Two Point Form of a Line:

The line passing through the points (x;, y, z1) and (xz, Y2, 22) has X2 — X,
y2 =¥1, Z2 = Z1 @ its dize-tion ratios. Thus the required eguations of the line are

X —Xy e y_y1 4> Z—-1Z:
X2— X Vi1 -1 : _ R
Example: Find the equations of the line through the points (3, 4, 5) and
(Sa =2, 3) :

Solution: The direction ratios of the line are 2, 6, -2 or -2,6, 2. The
equations of the lineare =~ ' : ; _ ,

X=3. L y—=4&. . g—5 o =8 - ¥YHER - =3
EE =2 Ty R R 6 -2 _
depending 'upon which point we select as (xi, Y1, z1).. The alternate answers give ;
the same projecting planes. (i i

1034, General Eguations of a Line:

A straight line is determined when two planes intersect in space.

.

I ax+by+cz+d=0 ad ax + by - cz+dy =0

SO e 5, WS TR S

are the equations of two intersecting planes, any point vl.use coordinates satisfy e ifl
both equations is a point on the line determined by the two planes. Conversely, -1
the coordinates of any point on the line will satisfy both the equations. !

Thus the equations of two intersecting planes may Le consiiered as the equations 1'“7"',
. of aline.

The general equations of a line may be reduced to the symmetric form by
eliminating first one variable, say x, and so obtaining a projeciirg plane in the
other two variables; and ther. by elimin=''ng a secona variable, Say y, and so
obtaining. another projec:ing plane i1y wrd z. If the two resulting equatious are.
Solved for z, the symme.ic for-. may be obtained by equating these values of z.

E"aml:ile: Reduce the equaion.s of theiine 3 +2y+4z+5=0

‘ nd x-y 4 2,-4= 0 tothe symmetric form.
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Solution: Solving the pair of equations simulténeously — first eliminaj
then eliminating x, we ge* ' i S

3-5x : |

2 = and z = Y+ 17

Equating th_ese'valuem of z, and rearranging terms, we get
DX+3 Sy + 17

x=35 _ y+17/5

=2-0
8 2 —8/5 < 25 ]
RO e AR A0 - Y T
.. _ -8 . -2 ; 5

!0.3.5. Distance of a Point From a Line:

To find the perpendicular dnstance of the point P(xy, yi, z;) from the line.

X—a - y- b zZ—¢
: e m - n P(x,.3;2)
Let & = | PM | be the
perpendicular distance of the
ocin: P(x, Y15 Z;) from the given )
line, Then d—-IrMI"lAPlSmB |
whary Alg I+ C)is a point on the o
li-e and 6 .s the me:sure of the L
Aabo . M
1 le goteen ] X " ‘and he line. Heet
3 =" _m,n]be the dlrectlon vector. of the line then
d',_';'!q,a_ | AP| |b|Sind _ | AP xb|
— 4 u‘l‘l’l — —
i Pt ||
: - Exlb '
| b | #0 for all lines, we have d = -l——\-g-l——l as the formula.
-10.3.6. So’vel Examples: |
<. ='e 1: Show that the straight lines ‘ |
S R L W R D, (i GO e
= e = and = 1
j IS 1 1 -1
213 peTy aniicular | A0

-1,
L6, Atlon "The direction ratios <1 the two lines are 1, 2, 1 and 1,
D)+ @) (—1) + (1) (1) =" Thetwo lines are perpe,ndlcular

throug h the
xamw ~le 2: Fiad the 2quat’,ns »¢ the straight line passmg
7.0 -2) end prrcendicalisw sath of e straight lines

int
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y'ad s S z 4+ 1- X g+l Z42 '(P'.U.1985)

T3 L% 02 e s 2
solution: “The direction ratios of the given lines are 2, 2, 2 and 3, -1, 2. Let
m,, M1, be the direction ratios of the required line, then by the condition of
% endicularity, we have _ ,
91, + 2my + 2 = 0
31, - my + 2n; =0

perP

= R — O — = —=
RO ey e R B |
the equations of the required line through (2, 0, -2) are
x=2 ¥yl z+2 : '

B | _

Example 3: Prove that the planes 4x + 4y — 5z -12=0 ,

‘and 8x + 12y — 13z — 32 = 0 intersect and the equations of their line of
intersection can be written as — -2' IPEC | ;2 = % (P.U. 1988)
Solution: The direction ratios of the normals to the two planes are 4, 4, -5 and
8,12, -13. As these direction ratios are not proportional, the two planes intersect.

To find the equations of the line in the symmetric form we choose =z = 0. Then
wehave 4x + 4y = 12 and 8x + 12y = 32, whichgive x =1,y =72,

Hence (1, 2, 0) is a point on the line. Similarly taking x = 0 we have
-5z =12 and 12y - 13z = 32 which give y = %52 = -2.

Hence (0, %, '“2) is an other point on the line. _ )

Thus the equations of the line in symmertric form are
t}__—y—z i z—0 or X1 =_.._.__—.-y-2 =£
0-1  x-2 -2-0 2 3 4

Zample : Find the equations of the line through the point (1, 2, 3) and pirane
10 the Jine x'—y+22—5=0=3’C+y+z+6’

Solution; If 1,, m,, n, are the direction ratios of the required line, we have
ly~m, + 2n, = 0 and 3, +my + M= 0

L]

“hich giye 11— mu_ M
-3 5 4 -
Hence the-equations of the required line through the point (1, 2, 3) are
Lol R oo i

| <3 G 4
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- Example $: Find the equations of the perpe.ndlcular from the point (2, 4, '-1) to

the line x+5 .y+3 z—6_

Solution: The line is

s T e B eve
; s g, M) .
Let B(--5 +t, =3 + 4t, 6 - 9t) R
be a point on the line. ‘ " ‘
AB = [-7 +t, -7 + 4t, 7 - 9]
If B is foot of the perpendicular
from the point A(2 4, —1) to the
. line :
B

1(—7+t)’_+4(-—7+4t)— 9(7-9t) = 0
which gives t = 1.- |
point B is (-4, 1, -3) and the. equatlons of the perpendlcular from the point
(2, 4, 1) to the line are _
Xl D s ] o x—-2 . ¥y=4 __z+1

- —4-2 1-4 -31-1 6 3 2

; anmple 6: Determme whether the following given pair of lmes intersect or not,
ani find the common point if they do; .
x_+3= ¥y z-17 and x+6= y+5=z—1(PUl990)
2 -2 6. 1 -3 2 i
Solution: - The parametric form of the equations are

x=2t-3, y=-2t, z=6t+7
and x=t' -6, y=-3t'-5,z=2t"+1

If the two lmes mtersect,
2t-3=t"-6
-2t =-3t' -5§

and 6t + 7 = 2t’ + 1 should be consnstant

Solving'tl'ne ﬁrst two equatlons we get t =5 % and t" = —4.

| Jines

But these values of t and t’ do not satisfy the third equation. Hence the twO0

‘do not intersect.

; o , 75) 0
Example 7: Show that for the three points (X1, Y1, Z1), (X2, ¥25 z3), (%3, Y

X1 Y1 Z
v, n.

' X3 Y Z3 S : e ' i
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By taking three sultable points, show that he above condmon is not sufficient.
- ®.U. 1987)

Solution: Let the three points be collinear.

Then [X1, y19 z'l] = m[XQ, YZ, 12] + n[x?n Ya, 23]

x1=mxg+nx3
- yip=myz + nys
ﬂﬂd z,=mzz+nz3
or X3 —mxz—nx3 =0

y;—myz —ny; =0
and z) - mz; —nzz =

Eliminating m, n we get

X X2 X3 | Xi Y1 Zy l
N Y2 Y3 =0 or Xz y2 Z =0
Zy Z Z3 X3 Y3 Z3 |
. Now consider the three points (0, 0, 0), (0, 0, 1) and (0, 1, 0). They are
RS2 " -0 0 0
obviously not collinear, but 0 0 .1 =0
' 0 1 0
Hence the condition | X Y1 z, |
: ' ‘ X2 y2 zZ, =0
X3 Y3 Z3

is necessary but not sufficient.

EXERCISE 10.3
+ Find the equations of the line passmg through the points (-3, 1, 4) and
-6, -1,6).

Determine whether the glven pair of lines in each case intersect or not, and find :

tl}e common point if they do.
® x=p-1,y=2+Dp z=-1-2p and
x=1+42¢ y=-6+0¢ z2=5-3¢0

G B3, ¥—2 =_;-and !

-1 -3 . _ o
x = -1+ 2p, y=2'+'2p, z=5-3p.. . (P.U. 1990)
3. Find the coordinates of the fout of the perpendlicul_at from the point (-3, 0, -2)to
) ;_ z : ' .
the Straight line _{_5_2__. = 1= 2 1

Also'fing the length and the equations of the pﬂrper‘dlcular - (P.U. 1989)

i Vjaa, e eI .Igh 1o, et (u. -3, 2, aad
‘ F‘“d the eqmations 9¢ tha st ig .3
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p:-arallel to the straight line joining the points (3, 4, 7) and (2, 7,'5).
Find ‘the equations of the perpendicular from the point (1 6, 3) to the Straight
- line X = b iy = z-2
1 2 - (o

Also obtain its length and coordinates of the foot of the perpendlcular

Find in symmetric form, the equations of the line
X+y-z+1=0=4x+y-2z + 2

and find its direction cosines. (P.U. 1999
Find the equations of the straight line perpendicular to both the lines |
x=1 _y-1 _z+2 x+2_ y=5 _z+3
1 2 3 Cu"] ~1 2
: (P.U. 1986, 87)

and pass_;;pg through their point of intersection.

Show that'Mi€ lines x + 2y ~z -7 = 0 = y + z - 2x - 6
and 3x + 6y-3z-8=0 = 2x -y - z are parallel.
Show that the lines x + 2y-1=0=2y-z-1

and x-y-1=0=x-2z-3 are perpendicular.

Find the equation of the perpendicular from the origin to the line
X+2y+32+4=0=2x+3y+4z+5 _

Alsv find the coordinates of the foot of the perpendicular.

Determine the direction cosines of the line given by the equations

z+2y-3=0and x+3y-z+5=0.
A.so find the equatioas of the straight line passmg through the point (5, -3, 2;
(P.U. l99|1

and parallel to the line given above.

Find the equations of the straight line passing through the point (3, 4, 5) and
intersecting the z-axis at right angles.
Find the angle between the lines
x+2y+z-5=0=x+y-2z-3
and 2x-y-z=0=7x+ 10y -8z
Prove that the symmetric equations of the line formed by the intersection of the
two planes 2x -5y +z-_ =0 and x + y-2z + 3 =0 are
- 1/9 Ll e I-U‘)

5/9 7/9
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Putting this value of i i, (1) we have
Bty 38‘x-+31”y-'rl3z-60=0 which is ¢
" Here x-intercep( = ———3—1-(-_._ =

he required plane

(i)

eis

‘ TT2X =9y o+ 11z 4 12 =0
15, ‘Solution: - s

o
Given plane is 2y = ¥ 42y -3 =9

‘Equation of the required plan

el My 9y ~1lz=12 =0

_ T i (i)
e (X, ¥,.2) be any point on the locug ity
PO =3, distance of p from (i) where O is the origin,
IRy Boyenny
3 J 4_‘+ I+ 4
or -x2+)’2.+ ZE:(?_xf—-y+zz_.3)3
or X2+y2+22=4x3+y?+,4z?+9—4xy'+8xz~12x—
e, 3x2 4 3. '

; 4yz+6y—12z
TAXY + 8xz ~dy; - :

I12x + 6y =122 + 9 = 0 .iut'b"s .

Exercise 10.3 - , ”

Lo Solution: _ iy gl |

The direction ratios of the line are S+ 3, -] - 1,6 -4 or 8,-2,2
- The equations of the required line are

X.h 30 Ty g ZI_'4'0r X 43

8 -2 9 N gy

2,(i)  Solution:
If the two lines intersect, the equations
S x;p—-l_=1+2q i.e."p_=2+2lq
p=2+p=—@+q' e, P=-84+q"
and Z=~1=2p=5-3q ie:
Solving the first two equations we get q
':' These values satisfy the third equation,
f point of intersection is (=19, —16, 35)
i R g y—2-=£.=t
(i) - Let AT R 3 :
X=3—t,y=2-3t,z=.2t
If the two lines intersect then the gquations

3—t=1=1+2p,2~3t=2+"2p, 2t = 5 - 3p should be consistant.
Solving the first two equations we get

: -
2p = —6 + 3q should be consistant. .
= —"10andp = —18

therefore the two lines intersect and the

R, = e

t 2 , p = 3, these values satisty the third equation. .
==& 5 e L : il 1 ,“ ] 8' _-4
Thus, the two lines intersect and the point of intersection is (3 )

: y ; )
3. - Solution: ‘
‘A point.on the line ST . ;

. Com
!

E——




=

ol e gr—— i g

- perpendicular from A to the given
lme then

(0 4, 0)

--3(3t—1) 0O or 14t = 14

. N
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i LS
X =2y =i ) '

= - =tisBQ2+2p,2-2p, 1 +p)
R g i ., - |
Dlrection ratios of AB are 2 + 2p
+3,2-2p- O,Y+p+2
i.e.2p+5-,—2p+,2,-p+3‘

A (-3,0,-2),
If B “is .the foot of the

”(”p+5)—”("’p+2)
+1(p+3)-—01€. 9p+9 S b 5502
0-—=p=—l '

. The foot of the perppndlcular 1s

: Len;,tlh of the -perpendicular 18

|AB| = " [{=3 = 02 + (0= 4)-+(2 0)2—J9'16+4=f2‘9-"
Equations of the perpendicular AB are -
X+3 y-0 z+ 2 X+ 3 y .z+2'
] — Qr = —_—=
04 3 =i 0+2 i g3 4 2
4. Solution:

The line Joining the points_(}', 4, 7) and (2, 7, 3) has direction ratios:
2 23,748 < =113

2]
As the required line is parallel to the jdm of (3.4.7) and (2. 7. 5)- it must have the
same dll‘cclIOI‘l rauos i.c. I ] ' '

Thus the line through the point (0, =3, 2) with dire‘cti‘(.m ratios —1, 3, 2 is
x50 oy hoga

i RS I L) I -3 2
5 Solutmn A |
L'.et'A = (1, 6, 3) and B be the foot of the perpendlculdr on
' TN b L e "
! 1 7 gh 3 & .
If X=0ty=14+2z= : A A
3t + 2 be the cooerates of B, so - : :

that direction ratios of AB are

t— 1,1 + 2t - 6,3t + 2
"3 e t—1,2t-5, 3t~

Also the direction ratios of the -

cin -~ [
- given line are 1, 2, 3, By the , B
~_condition of perpendlculanty we
~ have

A

(t—l)-!-?('?t-S) +

=

g [
e t=1 ' i

Hence the coordinates of the fo_ol of the. Perpendicular B are (1,3, 5)




B : : . -
Length of the perpendicular .

B 1P ¥ ot o

<= 0+9+4 =/ 13
Equations of the perpendicular AB are J——_
' Bl coyeg Vgiag

1-1 3.-—6I 5._3 0 g =
6. Solution:
The line is X+y—z+1=0

'4x+y 2z+2 0 ; =l
IfWetakez—O wetvetx+y+]—Oand4x+y+2.—.0.

which give x = e Sy = :3
g i daiet
A point on the line is ( ] 0)
IfZ m, n are dlrectlon ratios ofthe lme I+ m=n=0" 4+ m=20.=0
s n

which give T = Pl The equations of the line in symmetric form are

i 2 ‘

X + — y + = :
g~ *3 - lg
1 2 3

] i 3

L]

JuJE

And direction cosines of line are

7 Solution:
The two lines are
s = ) ; + sy

Smd ot Sk MRS z+_=p0r X _2_=y 5=_z+3 B
! 2 3 2. =] 2

If the two lines intersect x =1 + p = —2 +2q i.e. p—2q = -3
y=1+2p=5-qie 2p+q=4 |
z=-2+3p= -3+ 2q i.e. 3p—2q = —1 are consistant.

Solving the first two equations we get p = l_. q = Z wh_jch ‘salisf)' the third
equation. Thus the two lines intersect and the point of intersection is (2, 3, 1).
If I, m, n are the direction ratio of the line perpendicular to the two given lines

' ] +2m +3n=0 ‘and 2/-m + 2n =0 '

tich oi m_n
whicC e — = — = —
i 7 4 -]

: . e =3  y—3 .2~

-. The equations of the required line are e

8: Solution:
Iif L, m; n, are the direction ratios of the Ist line, then we have

.l +2my—n; =0 and -2 +m +m =0

;, . SR o om_wgT T @R e ool (1

3., 1. 3
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Agam if. 1, mg, ny are the dlrectnon,ratlos of the 2nd lme we have
3L, + 6my — 3n, = 0 and 20, - my—ny; =0
- R I m
- From (i) and (ii) we see that . —— = ___ — ___
3 o : -9 ks O it e BN T (ii)
From (i) and (ii) we find that h _m_ m ;
i/ CRERAEE | TRV
- Therefore, ‘the given two lmes are parallel
9. Solution: _ <5 . _
Let the d1rect10n ratios of the 1st line be ;, m;, n;. Then we have
11+7m1+0n1—0 and 011+7m1—n1—0
11__ L PR |
29 g : ey S B i Ay (i)

_ Now, if b, my, ny are the direction ratios of the 2nd line then we have
1 13 —1lm; +0n; =0 and l.l_gl— Om, — 21’12_ = A -
b o oomy o ng

5 5 T Lol | g (11)
. from (i) and (ii) we have [}, + mlﬁla + nmng-=0;, :
therefore the given lines are perpendlcular to each other.
10. Solution:- _
Thelineis x +2y +3z+4 =0 ; x+3y+4z+5;0‘
.If' ' 0x+7y+4—0and7x+3y+5-0whlchgwex 2,y=-3

A point on the given line is (2, =3, 0). If I, m, n are direction ratios of the line.
l+2m +3n=0 ; 2l+3m+4n=0

4 l m n 1= m n
whichgwe————:—- OF. . v o= e 8 st
=i S =] 1 -2 1
Therefore the equatlons of the given line in symmetric form are
- + 3 y4
2o o pay)
1 =2 1

A point on this line1s P (2 + p, =3 — 2p, P)
If O is origin, the direction ratios of OP.are 2 + p, =3 — 2p, pe
If OP is perpendicular to the given line 1 (2 + P-2(3-2p) +p=0

-4 : .
i.e. 6p +8=0 == p= —3— » .. P the foot of the perpendicular 18

(_Zl—i,—3-+£,i)-i.e. (_2_:_1_,:3_)
3 3 3 : 3 3 3
". The equations of the perpendicular from origin to the given line are

e S L S
3 3  § :




11. °  Solution:
The equations of the given line are

. > A g T e (i)
X +3y—z4+5=0 .y i
\T 7}( +z—3 =0 ' : .I -----
ddng(x)and(n)weget X +Sy +9 =0 or 'x +2==5Y
+ 2 ' : (it
ie. s g : : Fenrh (iii)
5 -1
Also from (ii) we have —2y = z — 3
R R S e e e SRR R R s o I e (iv)
=] 2,
s, K Y Xb 20 - ¥ z—3
Combining (111) and (iv) we get = . = =
. > h) | Z

-1 2
/30 /30 /30
Equations of the line through (5, =3, 2) and parallel to the given l_ine are
=5y H#3I zs ) :
5 -1 2

- d.c's fo the line are

12. . Solution:
Direction cosines of z-axis are 0, 0, 1.
Let direction ratios of the required line be l, m, n.
Since the line is perpendicular to z-axis, we have 1.0 + m.0 + n.1 = Oi.e. n=0
.. The equations of line through (3, 4, 5) are "
A=A Z=3 et

! W 0 ; 5
Thus the line passes through the points (3, 4, 5) and (0, C, 5).
Hence the required line > =

\—3}’4

zZ— X—3_}’—5_.Z*5
= 0-3. .0~4" 5=

¥ Phe : ¢

or’

U\Uu

i3 Solution:
The given lines are

x—y—z—O—-'?x-}-l{]y 8z b -
If I}, my, ny, are direction ratios of line (i) | e =
3 + 2m; + n| = 0 and L + ml . 7!1] =0
which gl\’e f_] £ m;j _ m 5 - ; . -
: =5 7 1

If 1>, my, ny are direction ratios of line (i) 2l —ms—n 0
<M= n =

- 71> +. 10m, — 8n; = 0
2 or B me Ny

Y

=]

S by
which give —— m2

18 9

L—

I

1~
~J
I-J

;




1f 8 is the angle between the two lines

’ -t "’ w ; F
cos 8 = 5.2 +.7..'_!-_.1 l 3 = 0. : .I", 6 = 900

L fo% +-“49"+_1 R R T

S 14 Solution: - | ! - | -2
T'he equations of the given line are 2x =5y + z—=1=0;x+y—2z+3 =0
Ifx =0, wehave =5y + z—1 =0 and y—-2z+3=0

: : 4514
which givey = ot = —
AL A

. a point on the given line is ( 0,_1_ : 14 ) '

If 1, m, n are the direé_t_iori ratios of the line 2/ - 5m + n= Oand/ + m—2n =0

PRt ro 305, 29T - m <'n . l ‘m n
which give - = - == O e A Tl
i o 101 i hads v ey 2 s e g 7

Hence the equations of the line in synimetric form are T
: s _.Z et . e 14

SN o ¥ SR e
e 1 g 9 9 X 9. 9
TS bl e : — or _— = == aSI'equ.
9 5 o ! S (B
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10.4.1; Ang’.@ Between a Line and a Plane:

488

CALCULUS AND ANALYTIC GEOMBTR '
_ ot , \’

parallel to the straight line joining the points (3, 4, 7) and 2,7,3).

Find 'the equations of the perpendicular from the point (1, 6, 3) to the Straigh
Yine Xz V=L . 22 A
1 2 <

Also obtain its lengt.h and coordinates of the foot of the perpendxcular

Find in symmetric form, the equations of the line
Xk Nmd'd 4 S50 oy = 2z + 2
and find its direction cosines.

: : (P.u, 1990)
Find the equations of the straight line perpendicular to both the lines |
_x-—lg Yl Sz - X+2 .0y~ 5 _z+3
1 2 35T ] ¢ 2
and passing through their point of intersection. i (P.U. 198, )

Showthg?ﬂi‘élmesx—f-Zy—z-?-O y+z- 2x 6
and " 3x +6y-32-8=0=2x-y- z are parallel.

Showthattlwlmes x+2y 1=0=2y-z-1
and -x—y—l ‘0 = x -2z - 3 are perpendicular.

Find the equation of the perpendicular from the orlgm to the line
X+2y+32+4=0=2x+3y+4z+5
Alsv find the coordinates of the foot of the perpendicular.

Determine the direction cosmes of the line given by the equations -
z+2y-3=0and x+3y-z+5=0.

- Also find the equatioas of the straight line passmg through the point (5, -3, 2)

and parallel to the line given above. - @U.19Y)

Find the equations of the straight line passing through the point (3 4, 5) and
intersecting the z-axis at right angles. | _

Find the angle between the lines
3x+2y+z-—5*0-—x+y 2z— 3
and 2x-y-z=0="7x+ 10y -8z

L aaon of the
Prove that the symmetric equations of the line formed by the intersection ©

two planes 2x =S5y +z—_ =0 and x + y-2z + 3 =0 are
y~1/9 e 14/9
S s9 -1 \
A LINE AND A PLANE

d its
ne

The angle between a line and a plane is the angle between the 1;311 g Jin?

_projection on the plane. It is clearly the complement of the angle betw

and the normal to the plane.
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042 To Find the Angle Between the Line

Xvkh_ Y7V - Erm

]

1 m n - .
and the plane ax + by + ¢z + d = 0.

. Since the direction cosines of the normal to the given plane and of the given line -

are proportional to a, b, ¢ and 1, m, n respectively, we have.
O al + bm + cp ' : \
J@ +b% + ¢ JIF + m? + 1P

where § is the required angle.

The straight line is parallel to the plane, if 8 =0

, al + bm +cn=20 : :
which is also evident from the fact that if a line be parallel to a plane, it :s

Perpend:cular to the normal to it.

Note: The line will intersect the plane in a single point, if al + ik # 0.

10'4-3. Conditions for a Line %0 Lie in a Plane:
To find the conditions that the line

n
may o i e plane @ : ax +by +¢

: o z +d=0
The line would lie in the given plane 1f and only if, the coordinates
Ir + x,, mr+y, or+2

fy the equation
% bw + ¢z

of the plane for all values of r so that

of any point on the line satis + d) = 0is an identity.
I(al + bm + cn) + (&%

This gives
a+bm+en=0
ax; + bYl +cn t ¢ d’itions
‘which are the requed wo °‘_’“ ;
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These conditions lead to the: geometrical facts that a line will
i () the normd] t.. the plane is perpendicular to the line,
Yii) any one point on the line lies in the p/un}).f

lie in a giVen plane

oc: The equation of a .lane containing the line
X=X ¥y=%n' Z-z

—

| | m ; n
is A(x - X) +By-y)+Clz-2)=0"
where AI+Bm+Cn$0 '
‘Remark: We summarize the above results as under:

1. ~The steoight line L and the:

plane @ intersect in one point if and only if .
al + bm + cn # 0. ‘

2. The straigh. line L lies in the plane @ if and only if
: al+bm+cn=0andax1+‘by1'+cz1+d=0.

3. The straight line L is parallel to the plane @ if and only if
' al + bm + ¢cn= 0 and ax; + by +cz; +d#0

10.4.4. Coplanar Lines:

Two coplanar lines either intersect in a finite point or they are parallel. In th
latter case they are said to intersect at infinity so that two coplanar. lines always
intersect. - g -

Two non-coplanar or skew lines are such that they neither intersect.:nor are they
parallel].
10.4.5. Condition for Coplanarity of Lines: '
- To find the condition that the two straight_; lines

. S, el Gl ) W zZ-21. . S|
i 0 - m; n _
X-X2 _ Y=Y _Z-1Z e e e 20T Rt ® e (i)
ol gy T |

should intersect i.e., be coplanar.

If the lines intersect, they must lie in a plane. Equation of a plane contal
linc (i) is | - ; B, B (l;
M =x) FWy=y) o) m Qe el e ¢
where al; + bm;y -~ c¢cn; =0 - e ”
The plane (1) will contain the line (ii), if the point (x,, ys, Z2) lies Of
line is parallel to it. ! ‘ .
This requires : ;| _ 0

a(xa—x)) + b(y2-y1) + c(zz2-2z)) =0 P
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B = 2 @)

'ndal1+bm,+cnz=0 - ’

, liminating a, b, ¢ from (2), (3) and (4) we get

X2 — X3 2= Y1 Z — 7, A
Iy _ m, n; =0 - LT e ( )
I my ny _
which is the reqdied condition for the Jines to intersect.
If the condition (A) is satisfied the equation of the plane containinfg the two
straight lines is ov.a*aed by eliminating a, b, ¢ between (1) (2) and (4) i.e.,
X=X Y=Y zZ~ ) .
|| m, ny = 0
lz m, n;
04.6. Solved Exai. ples:
. Example 1: Show that the line
F . o is parallel to the plane
! 3 4 5
| X +y-2z =3,

h: | Solution: The direction ratios of the given line are 3, 4, 5 and the direction

s ratios of the normal to the given plane are 2, 1, -2, . .

y And since 32) + 4(1) + 5(-2) = 0 _
The normal to the plane is perpendicular to the given line which shows that the
line is paraf)e] to the given plane.

Example 2: Show that the line
2700 B=y: %lies inthe plane x + 2y + 3z _ ¢ 0.
i) 1 3 |
| Solution: Equations of the line are

i) LS 3;3' =‘il=t(say). >
A point op the line is (=10 + t, 8 - 2¢, t).

e As 1(=10 + ) + 28 -2t) + 3t-6 = 0 for every value of t,

) 4 Th%linelies in the plane x+2y+3z-6=0.

) E"“‘“DI& 3: Prove that the straight lines . i

1 X=1.  y41 z+ 10 RSP [ o BTl

N 3 8 1 = e
Merseer, Also find their point of intersection and the Plane through they .
3) ; '

®.U. 1-988) '
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Solution: The two lines are”
x=1: oyl . 2410

: = = = p (sa
oy et p (say)
-4 _ y+3 z +1 o g
R T =3 = =

A point on each line is

1+ 2p,-1-3p, -10 + 8p) and (4 + q, —3 4q, -1 + 79
If the two lines intersect, the equations
1+2p=4+q |
-1-3p =-3-4q
and -10 + 8p = -1 +7q should be consistant.

-

Solving the first two equations we get p = 2 q = 1, whlch satisfy the third
equation.

Hence the two lines intersect and their point of intersection is (5, -7, 6).

Now the plane through the two lines contains the point (5, =7, 6) and its normal
is perpendicular to the two lines.

Hence the équation of the plane through the given lines is
ax =5 +by+7+cz-6)=0

where 2a-3b + 8¢ =0

and a—4b + 7c = 0.

Eliminating -a, b; ¢ from these equatioris we get the equation of the plane as’
x=-5 - y+7 z-6 .
2 . -3 | 8 1 =0
17 —4 ] |
e, x=95) (—2'1 l+ 32D -(y+7)(14-8) +(z-6)(-8 +3)= 0
or 1lx-6y-5z—-67=0 '

_ | ) >
Example 4: Find the equation of the plane through the point @, -2. %
perpendicular to the line x =2 + 3t, y = 1-6t, z= -2 + 2t.

Solution: Direction ratios of the given line are 3, -6, 2.

to
As the plane is perpendicular to the line, t.he directin ratios of a normal
plane are 3,6, 2.

Equation of a plane perpendicular to the line is

Ix-6y+22+d=0 o i
Since it passes through the point (3, =2, 5) we have 9 + 12 + 10 +d =
d = -3)

. Hence the equation of the required plane is 3x — 6y + 2z — 31 = 0.




JMENSIONAL GEOMETRY[ - ' 493

ple 5: Find the eq.ation of the pj

; ane passing through the p_olint 2,-3,1)
mdcontaining theline x -3 = 2y = e _

3z-1.
Golution: The equations of the line are
$-2y=3=0=2y~ 34 1
Aplane through this line is. ]
x=2y-3+kQ@y-3z+1)=¢
~ Asit passes through the point (2, -3, 1)

| 2+6—3f+ k(—6"3+ 1) =0 i_e" .kz %

Hence the equation of the required plane is _
e, K oy By )
x=2y~=3 + 2 Qy-3z+1) = Oie., 8x - 6y~ 152~ 19 = 0

) | Eample 6: Find the equation of the

plane that paSses through the. pdints
,-1, 1) and (1, 2,

—1) and is parallel to the straight line 2x = -3y = 6z.

_ (P.U. 1988)
“Solution: A plane through the point (2, -1, 1) is |

ax-2)+ by + 1) + clz=1) = 0
As it passes through the point (1, 2, -1),
e -2=0
Since the plane is parallel to the line

X ol g

: S
-2 +c=0 .
Mliminating b ¢ from (1), (2) and (3), we get
- =
x=2 y 4.1 I
B g aadd A B
3 R 1

. - | N 1) (2=9) =0
l"“‘-’(:c~2)(3—4)—(y+1)(—1“5)’_’(2_ eS8
or

d

10

_ L I
X+2-5y-5-Tz+1 ; | .
X + Sy + 7z — 4 = 0 which is the required equatlon.

? ight lines
gl l Mple 7: Find.the condition that the'St.l;-alcgzz + d2
B $o T pangl O it TR S
a-n(lax' : 2 d"=0=34x+b4y : ; : 7))
Iut-s' T By + csz + G Janar, they intersect in some point say (xi, y1, 21),
. 10N: If the Jines are coplanar, |
Whigy, Will lie on the four given planes.
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ax; + by +cz; +d =0

ax; +boyy + ¢z +d =0

azx; + bsYn + C3z; + d3 =0
and asx; + byy; + caz; + ds =0

Eliminating x,, y;, z, between these equations we get

a3~ b 1 d,
a2 g b2 Cz d2 s Jep s g )
a3 bs Cs i Ein 0 whlch is the required condition

In case, this condition is satisfied, the coordmates of the point of mterssectumgan
be obtained by solving any three of the four equations smultaneously

EXERCSIE 10.4
Shqw that the straight line = _1 ey ; 2 —g— is perpendicular to the plane
4x + 8y + 12z + 19 = 0.
Prove that the straight lines e
el RN Lo PN Lo BN RN | O s

2 R 4 3 4 -5
are coplanar. :

Prove that the straight lines x-_l 3 = % = %

andx =1+t y=1z=1-tliein the same plane and ﬁnd the equatlonof
this plane. -

Find the equation of the plane passing through the line X + 2z =4,y-z=8
=3 lydd. . g=] -

and para]lel to the line 3 3

Find the equations of tie planes through the points (4, -5, 3) (2 3,1
parallel to the coordinat2 axes.

) o

3,
=2-
Show that there is no plane which passes through the stralght line x =2

'1989)
= 4t -2, z = t — 3 and is parallel to the plane 2x-yt+z= 0. (P
Prove that the straight lines
4x + 4y - 51—12—0—8x+12y—132-32 ftheplane
and 3x-2y +2=0=2x-z—4are parallel. Find the equatlon ?P 0. 1989)
passing through them.. :

Jind the equations of the planes through the straight lme
X+ y-z=0=2x+y+ 3z —Swhlchareperpendlculartoth

planes. the
' z =4 and
Fmd the equatlon of the plane containing the line x = 2t, y = 3t,

e coordi®®
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ghow that the straightline X~ y+1 _ z-2
0 -1 2 -5

qnd the plane 3 + 4y -2z = 22 have a unique point of intersection. Find the
point of intersection. % :

I Determine the point, if any common to the étraight line
o =3 .o F=2 .- #=1

| — 0 5 and the plane x +y + z = 3.

5, Show that the straight lines
' X+2y=-52+9=0=3x- y+21-—5'
and 2x +3y-2-3 =0 =4x- Sy + z + 3 are coplanar.

3, Find the equations of the straight line passing through the point (5, -3, 2) ard
perpendicular to the yx-plane. (P.U. 1990) .

[ (4, A line with direction cosines proportional to 2, 7, -5 is drawn to intersect the
P e ;S o Y=l 2D x+3=y—3 o 256

— )

~1 1 -3 . 2 4 :
Find the coordinates of the points of intersection and the length intercepted upon

it. : (P U. 1986)

. Find the equation of the plane containing the line x - 3 = 2y = 3z — 1 and _
| passing through the point (2, -3, 1). - i 4 - (P.U..1991) _
16, Find the distance of the point (-1, 45, -10) from the point of intersectin of the
line
=2 L yhl. #52 and the plane x~y +z =5
3 4 12 ]
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if @ is the angle between the two lines
-52 + 7.F+ 1.3

cos 8 =

8 = 940

JISF 49 +1./44+1+9

B3 Solution: -
I'he equations of the given line are 2x =S5y + z—1 =0;x + y—2z + 3 =
Ifx =0, wehave =5y +z=1=10 and y—-2z 43 =0

, 1 - 14
which give y = ; , L= -?
. a point on the given line is ( Qo 5 A4 )
: “ 9 9 |

If. 1, m n are the direction ratios of the line 2/ — 5m + n = 0 and l ol 1 B 211 =0
which give : e 'm AR or _Z_ - B _n_

10 -1 '+ 0 245 .50 5 7
Hence the equations of the line in symmetric form are _

i =14 g 1 sk, 14
X—0 9 9 - ¥ - 9
=, s Qf s = : as requ
9 5 T ¢ 1 5 7

Exercise 10.4

1. Solution:

The direction ratios Iy, my, n; of the given line are. 1,02, 3,

And the direction ratios b, mo, N of the normal t0 the plane are 4, 8, 12

! m n;
As Zl = — = — the given line is parallel to the normal to the given
2 my> n»

Plane. i.e. the given line is perpcndlcular to the plane.

2'\, ~ Solution:
We know that if the straight lines

A YAz x-a y=B _z-1
L m, ny [ m o om
are coplanar, then
. - B> - B, i b Sy
. zl ' m, nj = 0
fg m» n»
G the given straight lines are Lopldndr if
2 3-=2 4-3 '
2 g - 4 = 0
3 4 5

‘
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which is, of course, zero since the substruction of the 2nd row from the third row
makes Ist and 3rd rows identical. Hence the given btrd.l;__hl lines are ;dentlcal

3. - Solution:

The given lines are

x_3 ' el ) —
E2 B R T el e (o P
L gt g 1 0 &1
The lines will be coplanar if . :
1-3 ]~ T
b i el 1 =0
1 0 Feilio i

L.H.S. =(—2)(9)—(1)( 2)+ 1(2) = 0 = R.H.S.

Therefore the given lines are coplanar, Also the equation of the required plane
(throuah the given lines) is

o et oy z ki3 EX i
1 0 =1
ie. “(x=3NQ) -y (D +z2(Q)=0 ie. x+y+z=3
4. Solution: .
A plane through the line : _
X +22-4=0=y-z-8 isx+2z2-4+k(y—z—8)=0
ie.  X+ky+@-kz-4-8=0

direction ratios of the normal to this plane are 1, k, 2 - k.
: ’x—3‘_y+4_z_7
: - T o TR
2.1 %3k + 42~k =0 =5k =:10
Putting k = 10.in (1) 'we-get the equation of the required plane
4 o -5 x%l-Ov—Sz'—84=0 Z i RS

If plane (i) is parallel to the line

5. S()lutmn

Let the plane parallel to X-axis be ax + by +cz=1 where a, b, ¢ are the direction

" ratios of a normal to the plane The direction cosines of x-axis are (1, 0, 0)
al+b0+c0=0 or a=0

) -Hence the equation of the plane parallel to x-axis reduces to by +cz=1

ae the points “, -5, 3) and (2, 3, 1) lie in this plane.
_5h 4 3¢c-=1 - dnd 3b + lc =1

1 +

These e‘quatlon give b = o5 G

1

o T . PREINTI O O P
- The plane parallel to x d._le 1s ; y = g= T ory z

s i)'lanti pdrallb‘l to y-axis is ax + cz = 1. On making the r.ocardmatea of
‘Simularly isfy this equdtlon we have .

oints sat
theﬂlVCﬂI’ d7d+c_lwhlchmv a=‘l C=—l

g4 3¢ =1 B
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j e The plane parallel to y-axis is x -z =)

| Similarly the plane parallel to z-axis is ax + by = 1. As it passes through the -
" given points 4a—5b = | and 23 + 3b = 1 which give a = 2. , b= —-}-.
| _ ; : 11 - 11 .
J o .- The plane parallel to z-axis 1s. 4x + )_' = 11. '
’ 6. Solution: -
| The giveh-line is .xl+'3 C eaten Tl B A e L e (1)
: T 4 1 :
i ! Direction ratios of this line are 2, 4, 1.
| : A plane through line (1) will be parallel to the plane ;
¥ ' 2x-y+ 250" . g _.,{2.)
if the line is perpendicular to the normal to-the plahe : | i
But 22 +4.(-1)+1.1#0
; % The line is not perpendicular to the normal to plane (2).

2 Hence there is no plane which passes through the line (1) and is parallei to lhe
1. plane (2). ‘
7.  Solution: _
If I}, my, n; are the direction ratios of the first line, then
41“. + 4m; — S5n; = 0 and 8L +.12m, = l3n1 =0

.which,give h Ly e h or L N o ndh
S e L S T 20 B 04
If b, my, n; are the direction ratios of the second line then

3/3—2mp + Ony = 0 and 2k +|Omg-—ng=_0_

AR
- which give L = 2 iR Il- =M _ M he two lines are-parallel.
B 1.2 o B I _m Ty :
:( Now we find a point on the first line. Let z = 0, then, _ o
\ b X+ -l} -12=0- and Sx+12y-32=0" which gw{" x=ly= 2
A point on the lirz is (1, 2, 0)°
A plane through the second line is 3x — 2y+2+k@2x-z—4) =0 1
_Ifthepomt (1, 2,0) hesonn 3- 4 +2+k2- 4) =0 .gives k = Ty t
| 4

Hence the equation of thc planc through lhe two lines is

3x—2y i & —‘-;_(Zx—z—4)=0‘1.e. 8x —4y—2z=0

|
I _ 8. Solution:
i & ‘Any plane through the: given Ime is _ (A
' x+y—z+k@x-y+32-5=0 -~ "7
j or . (l+2k)x+(l—k)y+(3k—l)z—5k-0 :
\ Thre normal vector to this plane is [1 + 2k, 1 =k, 3k — 1]. (D o diculst
..* For planes perpéndicular to yz-plane, zx—plane, and xy -plane (i) is P®

ote [1: 0, 0] [0, 1, O] and [0 0, 1] respectively.

i ¢ - _ . : :
) \ ; \ ; ; ke . : Sk R . =
‘] 0 i . A
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Hence for plane perpendicular to yz-‘pla’ﬁe we have-
1 (1 + 2k) = 0 which gives k=-—-—l— :
2 !
~ Putting this value of k in (A) we have * : ;
3 BT 5
—y—-—z+ —=0 or 3y—5z+5=0~
2, 2 s ML '
~ as the equation of plane perpendicular to yz—plane.

Similarly 1 —k = 0and 3k — 1 = 0 give the values of k for planes perpendicular
to the zx—plane and xy“‘planc respectwely :

. Fork = 1 the p]ane is 3x + 22-5=0 and fork = — L the equation of the
3 -

[

plane is5x + '2.y—5 =0

9.  Solution:
A plane through the intersection of x+y+z=0and2y—z= Qis

! x+y+z+kQy-2=0 : _
i.e. s IR R R =TT I R L T T Denelees (1)
_ Since this plane contains the line x = 2t, y = 3t, z = 4t, normal of the plane is
perpendlcular to the line. Therefore ; ' )

2 + 3 (1+2k) + 4(1 k)=0 (since 2, 3, 4 are direction ratios of the line).
9

ar - 2 +3+6k+4- 4k-0 or k=-—
2

Substltutmg for k in (1), the reqmred plane is
x+(1-9y+ (1 +%)z—0 or 2x—16y+ VIz=0

-~

' 10. Solution: : : , | ;

Lo + 1 z—2 "

B o g i T S L Ry v (i)
Any point on the straight line (1) has coordlnates( t, =1+ 2t,2—5t).

If this point lies on the plane. ' ‘
' I+ dy-22=22; 30 +4(1+20-22-5) =22

or —3t—4 + 8t— 4+10t—-22 ie. 15t=30 ==t =2 ]

‘Hence the point of intersection is (=2, 3, —8). -

A, Solution:

o x=3_y-2_z-1. -
A point on the straight line i = y. 0 i is 3+p,2,1-p)

Ihthesonlhcpla“e x+y+2z=3 wehave 3+p+2+1-p=3 which does not
delermme p. Hence lhere is no point.common 1o the given line and the plane.

12, Solution:

The given straight ines will be coplanar if




l | . 2 '”51 9
_ [ o o Rl s R BE T
- I_j 3 =] —3

By the operations Ra — ;’;R'i“ R; —-‘IQR-l and.&; ™~ ‘ile we have - .

! 2 =5 9.
: P ¢ ORI o e S NLAS I =32
L H.S. PR sy
Bl DI S e
Gl = T e e I 5
Mo (B S WL TR | (RS PR IR0 . i) |
i O] UERIL | e 8 13 2145038

=1 29T ATy = 1T (33 =973 04732 (21 =117) X

o T 144) <17 (=240 & 32 (=96) = ~1008 + 4080 — 3072 = 0

~ Hence the .gi\'e_-n. lines are goplanar. A | sk 1334 ez
13. Solution: i - g+ |

Direction cosines of the normal (o the yx-plane are 0, 0, 1.

A line perpendicular to yx-plane will have 0,.90, 1as it difection_ cosines.
Hence ll'hc: equations of the line through (5,—3,2) and perpendicular to yx-plane are
: D s A ‘

‘ MO 0 v
14, Solution:
The two straight lines are

X 5=y ';?:z-k__“md x+3_:y 3=z 6
SR 1 =3 2 4
A point on the first line is PG3p + §, . g ol A0 2) and a point on the? second line
is Q(-3q-3,2q + 3, 4q + 6). :

P and Q will be the points of intersection of the given lines with the intersecting
line, if line PQ has direction cosines proportional to 2, 7, =5.
- Now the direction cosines of PQare 3p + 3q + 8, =prrdg-+ 4, p—A4g =8
: Wik e TR Al |
3p +3q+ 8 Jep sl 4= p—4q -8 whih pive:
E i 3 i _ 5

23p + ZSq =—48 , 17p + 7q = —24 which give p=-1,q=-1
Hence the points of intersection are P (2, 8,=3)and Q (0, 1, 2).

Length interceptc_d = PQ = J(2-0)2+(8-—1)'—’+(—-3—2)2 ='J4+49+25 = m

15.. Solution: -
.The given line is x — 3 = 2y = 3z-1.
These equations can be written as x =2y

A plane containing this line is x — 2y

“3+kQy-3z+1)=0 5
Lf it passes through (2. =3. 1) wehave 246 -3 + k (-6 -3+ 1y=0 ==k = 8

Hence the equation of the required plane ig

j



: - :0‘
X*2y-—3+45—(2,»—-—3z+1)=0_1.e. 8x —6y — 152 — 19
8

2 ,
3 4 12
A point on this

line 1s Gp + 2. p -1,
. If it lies on the

plane X=y+z=35 3p
. The point of Intersection of the line an
. Required distance 15 the distance betw

t2-4p+1+12p+2=5=»p=0
d plane is (2, =1, 2)

cen the pomts (2,—1.2) and (4] v ¥y =10)

-*-l)7+(—l+5)—‘+(2+|0)? = J9+16+144'= [ 160 = 19,2

co LD distance — J2
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pIM: : ,
| w£h3t the straight line-’_(l_ = L; Lt 2 :
$ho _ -1 = | | .
g d the plane 3x + 4y = 2z = 22 have a unique point of intersection. Find the
int of intersection. |
goetenﬁine the POiﬂt_, izfany comnlmn to the straight line g
§ 223 - yo =2 n and the plane x + y + z = 3.
=t ~

show that the straight lines -
x+2y-52+9=0= 3x-y+2z-5;
md 2x+3y-2-3=0=4x-5y % 7 4 3 are coplanar.

3, Find the gﬁluations of the straight line passing through the point (5, -3, 2) arnd
' perpendicular to the yx-plane. . (P.U. 1990) .

i Aline with direction cosines proportional to 2, 7, -5 is drawn to intersect the
frae Bod er ol m b 8 i x4 — ¥y=3 _ -8

3 -1 1 7 3 ey 2 4
Find the cdor.dinates of the points of intersection and the length intercepted upon
it. : (P.U. 1986)

5. Find the equation of the plane containing the line x -3 =2y =32~1 and
passing through the point (2, . ) B ' (P.U..1991)

I6. Find the distance of the point (-1, ;5, —10) from the point of intersectin of the
line -

Ji'—'Z iyl B z-2
3 4 12

and the plane x~y + z = §

*HORTEST DISTANCE BETWEEN TWO STRAIGHT LINES
05,1, Definition:

Two Straight lines whick neither intersect nor are parallel are called non-

coplanar
O skew lines.

'TWO Coplanar lines either intersect in a finite point or they are parallel. If the
oS interseet the shortest distance between them is zero. If they are parallel, the

ortest distance between them is the distance of any point on one straight line 1o
€ other Straight line.

efore discussing the shortest distance between two non-coplanar lines, we state
.e fOllowin'g simple results from pure solid Geometry.

{ ) I “"0‘ Straight lines are skew, then
iy l}e in paralle] planes;

1 (i eff_i 'S one and only one straight line perpendicular to both of them:

b ¢ Intercept of this common perpendicular on the lines is the shortest distance
" Weeen them;
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of shortest distance of the line joining any two poins, one on each of the given
lines.

10.5.2. To find the magnitude and equati~
be.ween two straight lines.

If AB, CD are the two given
straight lines and LM is the line
which meets them both at right e
angles at L and M, then LM is _

the line of shortest distance e
between the given lines and the

length LM is the magnitude.

Let the equations of the given
lines be : - :
X =~ X p=yy _ =% - L
" . D M C
l m, m
()

- »f the line of shortest distance

and let the shortest distance LM lie along the line
o PR Do I i ol (i)
| m n .

Line (iii) is perpendicular to both the lines (i) and (ii). Therefore, we have
Il, + mm; + nn; = 0,
llz+mmz+nnz=0,

1 _ m _ n _ 1
or = = =
m;n; = MmN, mh-nly  Limy-lmy  /2Z(mn; - mpm)?
s myn; — myhn, - o ml; = nyly i lym; — 1my
. — » — ™y —_ 2
\/ Z(rnln2 - rnznl)2 J E(mlnz - m2n|)2 mﬁn;n? )
- lv .

The line of shortest distance is perpendicular to both the lines. Therefor® the

: : . :4a01Ce
magnitude of the shortest distance is the projection on the line of shortest distan’

of the line joining any two points, one on each of the given lines (i) and (if)-
Taking the projection of the join of (xi, y1, z), (xz, y2, z2) On the line wit
direction cosines I, m, n, we see that tie shortest distance 0

= (x2 = x)l + (y2= y)m + (z; - z;)n,

where |, m, n have the valueg a2 Ziven in (iv). '
it 15

To find th_e equations of the I'ne of shortest distance, we observe that
coplanar witn both the given lines.
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1H :
The equation of the plane containing the coplanar lines (i) and (iii) is
X=X Y= Y1 L LI=Z

11 S my -

n; = Q0
1

o7 Nl L R, W) .
m n ' :
and that of the plane containing the coplanar lines. (i) and (jii) is

X=Xz Y-y Z—-1I

I my n, =0 : P ek (vi)
| m n . :

. Thus (v) and (vi) are the two equations of the line of shortest distance, where
l, m, 1 are given in (iv) .

Note: Other methods of determining the shortest distance: are explained in the
solved examples. - :

10.5 3. Solved Examples.

- Exam.ple 1: Find the shortest distance between the lines x + a = 2y = -12z .
and x =y + 22 = 6z - 6a.

Solution: The equations ot the two straight Ilnex can be written as
' X+ a

S AR
12 - 6. " =1

- ceenee (@
aod x-y-22a=0=x-6z+6a . e @)
A plane through line (2) is |

X-y-2a+k(x-6z+ 6a) =0

(1 + k)x —y — 6kz — 2a + 6ak = 0

Ifit is parallel to line (1)

or

. 1
2(1 + x) + 6(-1) + (-1) (-6k) = 0 e, k=-

3
Equation of a plane throingh line (2) and parallel to line (1) is

ey Jam —;’—(x—Gz +63) =0
® 2X-3y + 6z-12a=0 -~ 3)
A Point on straight line (1) is (-a, 0, 0).

the shortest distance between the two lines = distance of (-a, 0, 0) from the
Plane (3)

_ |2¢a-3.0+6.0-12a| _ 1;a=2a
L | J4+9+36 .
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Example 2: Obtain th - coon lis 4o re poin's whers tie e of shorgagy

distan.e betwve:n the ind, A
X : 1) 8%y
'x 22 pr—] L _.1_ — — x ‘uld

e e — T 24

TRNCIRE O
Xoohd e gl o R 3 meets them.
8 4 2

. e
Golutioa: Let P, Q be the points where the line of shortest distance meets the

twa lines. P, Q are on the two liner. Let P be (23 - 6p, 19 —4p, 25 -+ 3p) and Q
be (12 =-9g, 1 + 43, 5 + 2q), one on exc line. _ -

T = | 9q + 6p =11, 4q + 4p - 18.2q - 3p = 20]

s

\§ PO is pcrpcn'rji;m‘a‘lzlr L the t\\-d lin:s :
co g - 43y +4p - 18) + 329 -3p -20)=0
and -Qi-.-:q.+ O 1) + 44g +4p - 18) + 2(2q - 3p - 20) =0
St Hq-lp 78 =0 . cmd 101 q—44p-13 =0
So.vin, the v cquations, weget p =2, q = 1. 3
et e 1 points zre 211, 10, 31) and Q3, 5, 7).

bang-nl» 2 Given the two lines : :
e e RS Y R o P Lok z-%

A = = d —— = == —
2 3 4 3 4 5
Finl &2 ocrdinees of the points where the common per pendicular meets these
lines. /A lsy ¥l e sensih #nd equaiions of the common perpendicular. (P.U.

Ty

2o tiom: e PO+ 2p, 2 + 3p, 3 4 4p) be a point on the first line and '
2 3¢.3 r 4g, 4 + 5¢) be a point on the second Tine. The direction ratios of
Vs D0 eve 30=2p+ 1, 4q -7p + 15 59~ 4p + 1. :

PG s pe. mduulnyto the two lings

2Bu- - 1,0 0 - - ¥ 45q-4p+1)=0
sl 30g-2p+ ', 074 p4 1+ 5(5q-4p+ 1) =0
c Bq-2p-9=0 al S03-38p+12=0

Il

“olvin, the two equaticns w2 2t p = ~1, q = -1.
kor these values of p und 4, Piis (=1, =1, -1) and Q is (-1, -1, —=1).

Hence the tv9 lines intersect at the point (1, -1, —1)

1?:!5 tkt\l:u: s?n‘onest‘c'istance .., the length of the common perpendicular is 22
ere 1s no common perpexdicular in the plane of the lines.
"~ Any L>w we can finu the ' a % | s
uations . i two
Sotigh oot oo r...iq of a line prependicular to the

1
e LY
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g .
e

m, n are the direction ratios of this line, then

lfl’dzl.+.311'1+4n=0 and 31+4m + 5n =0
L s
.

X+1_ y+1 _ z+1
1 -2 1

gxample 4: Find the length and the equations of the line of shortest distance
petween SX—Y—Z =0 =x-2y + 2 +3

and 7X'4Y;23= O0=x-y+2z-3

fence the equations of the line are

Solution: ~First we transform the equations to the symmetric form. So we have
the equations of the two lines as . :

W e N 5 ISR SR
= = and = = . =
2 3 2 3 1-

Ifl, m, n are the direction ratios of the line of shortest distance, we have
1+2m+3n =0 and 21+3m+n=20

i3
il

i.e,,_l_:__“l:' ._n_=_.l._.° ] = _?_’m_zi, n= __.l_._
T B Y 75 l75 J75

Hence the length of the shortest distance is 1(xz — x;) + m(y, - y) + n(z; - z;) |

ST L R (P e e e | R e -

——

s TE. o DB VA

The €quations of the line of shortest distance are

X y-1 z+1 X y+1 .z=2
7 o T 7 =3 1

Le,, 17x + 20y =27 -39 = 0 = 8x + Sy - 31z + 67

E‘fample 5: Find the shortest distance between the straight line joining the

lémms A@3, 2, -4) and B(l, 6, —6) and the straight line joining th¢ points
L1, 2) and D3, 1, -6). Find also the equations of the line of the shortest
dls'al'l(:e and the C()Ol'dil"lat:-‘»s of the points where it meets AB and CD. (P.U. :98¢)

\ution; Equations of the line through A and B are

e - +4 =
\.‘3\=1—2 o EFA _J_t_-_é______y42 - :l;-2 i ®
b GO s -2
d 7 - -
the ®quations of the line joiring C and D are
x+1 y._l z-+-2 or x+|=)f"l =Z+2=q
%1_-_: & _5+__2— -2 - 0 -4




e

Let P and Q be the feet of the common perp.endicular. The coordinateg
(3 ~2p, 2 + 4p, ~4 —2p) and those of Q are (-1 —2q, 1, -2 - 4q). ©p g

PQ=[-29+2p-4,~dp-1,~4q+ 2p + 2]

Since PQ is perpendicular to both (1) and (2)
 -2(29+2p-4)+ 4-4q-1)-2(49+2p +2) =0

and  ~2(-2q + 2p - 4) + O(-4p - 1) - 4(~4q + 2p + 2) = 0

or 12q-24p=0 and 20q-12p =0

Solving these equations we get p=0q=0.

tilf?_lpgiélt IP is (3, 2, —4) and Q is (-1, 1, =2) and the shortest distance-
R A G k) I § ) ey = ey Y

and equat‘ons of the line PQ are

X-3 3= Cemdin v ooy adg
13 1=9 -2 4.4 -4 S
EXERCISE 10.5

1. Find the niagnitude and the equations of the line of shortest distance between the
straight lines ‘ :
=80 oy t9 . 2l o k=15 _ Y- . 2-3

3 -16 7 3 8 -5
2.  Find the shortest distance between the axis of z and the line
ax+by+cz+d=0=a’'x+b'y+c'z+d’
3. Find the shortest distance between the straight lines
: X—1 = y=2""_-zg=3 i x=2" . "y=4 =Z-_5

, | 5
2 3 4 3 4 o bob

Also find the equations of the straight line which is perpendicular gt
given stezight lines. - o @5 "
Lape . eed
4. Find the magnitude and the equations of the line of shortest distance betw
straight lines ‘ ol | _9
x=-3 _y+15_ z-9 x+1_ y-1 _ 2°=
=< = — and = —n 7S
. ~71 5 2 1
5. Find the shortest distaice between the straight lines @
| o IR e PRGN and x#1 y+1=_§_,,1__.f
1 '—2 : 1 ‘ = 7 -6 e g]qﬁu

Find the equations of the straig’t lire which is perpendicular t - es.
. : . : . Ll g = . " » . . tl'alght lln 1981)
sivaight lines <nd alec: its point of intersection with the given S ®.U-
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REE pIM :
.d the length and equations of the line of shortest distance between the straight
ToCIT ST R g e i
lineS ——4 3 2 e T4 1 1

Find the coordinates of the point on the join of (-3, 7, —13) and (-6, 1, —10)
which is nearest to the intersection of the planes

2x..y-3z+ 32 =0 aﬂd 3X+2y—152—8 =0
Find the length and equations of the ¢o
6x +8y +3z2-13=0=x 4
_3x—9y+52=0=x+y—z

mmon pérpendicular of the straight lines.
2y +z-3 :

- MISCELLANEQUS EXERCISE 10

|, Find the ratios in which the join of the points (3,2, 1), (1, 3, 2) is divided by the
surface represented by the equation 3x2 — T2y + 12822 = 3. |
3, Prove that if twc pairs of op

A Posite edges of a tetrahedron are perpendicular, then
so is the third pair. ' _

3. Find the equation of the locus of a point such that its distance from the plane
xX-y+3z2+5=0 is always twice its distance from the plane - ' ﬂ
x+2yf32—4=0. ; (P.U. 1990) itk
4. Show that the necessary and sufficient condition for the points P, Pz; P; to be - BN
collinear is that there should exist scalars ki, ks, ks, (k; + ky + k3 = 0) such that
kVi+kV, + ks V3 = 0 where Vi, V5, Vi are the vectors -
OP,, OP,, OF; respectively.

Show that the distance of point (3, —4, 5) from the plane 2x + Sy
Measured parallel to the line % =Y -2 is 60

(P.U. 1991)
-6z = 16

i

Hel

L] sl

- T - . | l

A variable plane is at a constant distance p from the origin and meets the axes in 41| 8

A, B, C, show that - = \ I

() the locus of the centroid of the triangle ABC is x~2 + Y?+z2=9p i
() the locus of the centroid of the tetrahedron OABC is :

X4 Y2+ z2 = 16p~2 o | _
Show that the shortest distance between any two opposite edges of the tetrahedron
fOnn;d_bytheplénes y+z=0,z+x=0, x+y=0 and X+y+z=3a
iy <@

» and the three straight lines of shortest distance intersect at the point \
/6 .
(ﬁa’ —a, ""a).‘

Pro\}e that the tetrahedron formed by the coordinate planes anc a tangent plane to
®Surface xyz = ¢ is of constant volume. (P.U. 1986)

i *******

ey




Exercise '10.5 ;
g Solution: .

Let I, m, n be the dlrcctlon cosines of the lie of shortest distance.
As it is perpendicular to the two lmes we have

31—16m+_7.n=0 and 31+8m—5n=0, R L

: ' : : 24 36 T2

i I i ; 7 e i _
or _—-;—-——,?——p— I—Ie;nccl—_‘-%-,m:'-i-,n'zi

-The magnitude of shortest dlstancc 18 the projection of the join of the points .

(8, =9 10} _f?{lb(lg )’22 3) fm the 156 of he(shorteqrji_stgne gnd is therefore
= '

- 7 : 7 7 : 1
Again, the equation of the plane contammg the ﬁrqt of thc two given lines and the
Jine of shortest distance is .
R Wy e g 2—10 : ' g
e T =16 v T = 0, or 117x+4y—41z—490=0
2 : s ST

=y

Also the equation of the plane contammg the second line and the bhortest
distance line is _ _
X A8 e, A g Sarhy e |
; 3 : ; 8’, ; —5 o= 0_, or 9x — 4}; -z = 14
Hence the cquauons of the shortest distance line arc

117x+4y 4]2-—490 0—-9x—4y—z_14

2. - Solution: SRy ¥

Anv plane through the second given line is
ax+by+cz+d+k(ax+by+cz+c.)~0 o

8 (d#ka)x+(b+kb))’+(0+kc)z+(d+kd) 0. _._.‘__(n



normal to the

It will be parallel to z-axis whose direction cosines are 0,0, 1, if the
plane is 1 z-axis, i.e. if, '

' . —c
0.(a+ka’)+0.(b+kb')+1.( +ke')=0,1e k= F

Substituting this value of k in (i), we see that the equation of the plane through the
second line parallel to the first is
(ac’ —a’c)x +(bc’ +b’c)y + (de’ R L et R e - (ii)

The required S.D. is the distance of any point on Z-axis from the plane (i).

' 8.D. = perpendicular from (0, 0, 0), (a point on Z-axis)

L de’ —d'c
‘ E I T
Jl@ac” —a’c)? + (bc” —=b'¢)?] .
3. Solution: ' '
If I, m, n are the direction cosines of the shortest distance line, then it being
perpendicular to the given lines, we have "
2 +3m+an=0 and 3l +4m+5n=0
[ VE m n. l m_n
15 —-16 12— 10 g8—9 -1 2 el
i 1 By -1 ‘ :
|= —— , m= _ n = —— . Length of the shortest distance

R ey
[ (X2 — X}) +m(yg~—y1)+n(z'3-z|)

1 2 T corell
= 2-1) + (4—2)+[--—)(5~3)=__-—

/e /s 5 [
Equations of the shortest distance are, by the standard formula -
$=14 y=2 Z=3 %X —2 y—4 ' z-35
2 3 4 =0= 3 4. -8
| Z -] 3 | 2 -1

which reduce to 11x:+ 2y =7z + 6=0=7x+y—5z +: 7 as required.

4. Solution: s

A point on the first line is P@p + 3 “Tp—155p + 9) and a point on the

" second line 1s QRq-1.4q+ L -3q + 9). :

The direction cosines of PQ are proportional to
2p—-29 +4,-Tp—q~ 16, Sp + 3q

If PQ is perpendicular to the two lines we have e 3

© a2 @p-2q+4-T(Tp=q=16) +505p + 39 =0

wid | 20p=2q+H+1(Tp—q-16)-36p+39 =0

or 39p + 9q = —60 and 9p + 7q = —4 which give p = -2,4 =2
Pis (=1, -1, -1) and Qis (3,3.3) | -

The shortest distance = PQ = m-i'— 1)3_ -+ (3+1)? +.(3+1)2 = /,_43 = d ﬁ :
And the equations of the line of shortest distance are ' '

’-«mu_-___ R
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e NG R R

e It

St B S L Ry D ek =y = o

5. Solution: 5
oo D e e
1 =2 p e
X + 1 =-y+'1'__z+1
7 R e el

_A.poiht onlne()isP (3 + p, 5-9

Q=1 +79,=1=6q, -1 + q). et

Direction ratios of the line PQ are 7q—p -4,

‘1f PQ is perpendicular to the two lines _ ,
I (?q'_p*4).“2(_—6qJ+ 2p —6) + l(qj_p...g) a0

and 7(7‘1‘P‘4)—6(-6q+'2p-—_6)+1(q_p_3):0

ie. 209-6p =0 and 86q- 20p.= 0 which give p = 0, q =

Hence P1s (3, 5, 7) and Q is (=15 =148y !

... The shortest distance between the two lines

=69 +2p-6,q-p-—

P> 7 + p) and a point on line (ii) is .

8

0,

- PQ = VS e ey ¢ ey R oy w8 J1T6 = 2/29

The equations of the line PQ which is perpendicular to the two lines are

X+1;Y*1:'Z+lié N A e
o b Al e T A 6 4
x ¥ 1 T S |

or ? = L =
2 3 4

_and the points of intersection are P (3,5,7)and Q (fl, =15<1).
6. | Solution: ' _ o :
Let I, m, n be the direction cosines of the line of shortest distance.
As it is perpendicular to the two lines '

n

e

& : : l
4/ +3m+2n=0; -4/ +m +n = 0, .I"T:%z
Hencetz—l-,mg_ﬂ_,hz_s_ : o
9 - 9 9 : :

The magnitude of shortest distance is the projection of the Join of (=3, 6, 0) and

(=2,0,7) on the line of shortest distance and is therefore,

1 4 -8 s 24 _._5}‘1 -
-.9~(~2-+3)—;(0—6)_+ R S St i =T
The_ ®quations of the line of shortest distan;e are
X+3  y—6 z . X + 2 y Al
B e i 8 1 4

le,

32x + 34y + 13z— 108 = 0 = 4x + 11y + 5z —27.




£bs - Solution: e 8 _ 5 ! g
Equatlons of the line through the points 3,7, .-13)_and (-6, 1, '1_0) e l
s y-— i Sl 13 = ' R )
i 1 2 =1 - ' : . !
Apomton(l)ls P(-—3+t 7+2t -—l3—t) :
We transform the equations ;
2x-—y-'3z+37—03nd 3x + 2y~ 152-8-—-0 ' i Q)
of the second straight line into symmetnc form. Let [1, m, n] be a direction vegtq,
of (2). Then :
2l—m-— 3n—0 . 31+2m—-15n-—0
foaess A I3 v n |
L L o e !
A 21 21 P gl i3 1 S j
~ Taking z = 0, equations (2) become 2x —y + 32 = 0 and 3x +2y—-8=0

e - ki o e 8 y=16.,z_=_0isapoint0n(2).

I
-56 192 2l
Hence synmletrlc equauom of (2) are

i

-

x +.8 y— 16 I - ! : . '
A e o AR T T (3)
3 3 1
pomt on (3) lb Q (-8 + 3s; 16 + 3s, s) :
---—)

= [3s: =t =3, 35—7t+9 s+ t+ 13] .

_ Let. ' i’-Q be normal to both (1) and (3). Then 39—t+5+65—4t+ 18—s—=t—-1=0
~and Gt 5. 056t ¥ 2T+ 313 = Dlor B 0L = 0 *
19s — 8t + 25 = 0. Solving for s and t we have s = -3, t=-4

and .
get P(=7,-1 —9) as the requnred point

Substituting t-——4 in the coordmates of P,we

8. * Solution:
The lines are - L: 6x+8y+3z-—13—0~—x+9y+z—3

M.3x~9y #52=0=%X+Yy—Z2
We first transform the equations into the symmetric form. 5 W= “ i
' l n —le 3 X£27

J-;?_ﬁ

Putting z = 0 1a the equations for L we have j
6x +8y—13=0 and_x+2y—3=0,,°, s e, =gz
: , : 2 o 4
1 9
or X = -;—,y p 2= Olsdpomt onL Let[a, b, c] be a direction
we ha¥

ctor of L.Since L is perpendtcular to normal of each p]ane constituting it.

va
6a+8 +3c=0 and a+2b+c=0 |

a.. B c
S : Hcm,_e, |a, b,-c] = [2, -3, 4]. Equatlon of L ar¢ -

or — = —
PN S
xo=if2 T ey= 814" Z
3 2 o T e T L i R
Similarly, we can written M a 2 .-y_. A LNy ‘
1B o
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Letn = [/, m;‘n] be a vector perpeﬁdicular to both (1) and (2). _ |
Then 2/—3m + 4n =0 and ! + 2m+.3n = 0 e

Cor —==-2= 2 Hence, all,m n] = [<17,-2,7] .
N o N
* The points P ( A i’, 0 ) and Q (0, 0, 0) lie on (1) and (2) respectively.
! 2 4 - ' BT
_ % _
=2 e P e L 0 »
cigbi iy
Length of the common perpendicular to the two lines is the orthogonal projection

of QP on n. Therefore length of the common perpendicular

) ' : S _l?_ + _§_ - . = J
L 0 | et BORSr Nama e | 3 f
(| /342 342
The equtions of the common perpendicular are
X i 442 y—5/4 z | X y z
2 E=FN pris =0= 1 12 3 |
~17 o5 i 1T D 7 !

i (x— %)(—21 + 8)—(y-%)(14+68)+z(—4—5)=

0= x(14+6)-y(7+51)+z(-2+ 34) iR '
or =13x — 82y — 55z + 109 = 0 = 20x — 58y + 32z '
l.e. I13x + 82y + 55z—109 = 0 = 10x — 29y + 16z

Miscellaneous Exercise 10

1. Solution: .
Let the ratio be r:1. . a point on the join of (3, 2, 1) and (1, 3, 2) is

in 3T E B3 L4
l+r 1+4r¢ ' l+|—>

it it lies on the surface 3x2 — 72y2 + 12822 =

3(3+r 3__72 2+3r)2+128(1+2r')3=3_
I +r 1 +r l1+r

hich on simplifcation reduces to 22 + §r +2 =0, & 1 =2, = — .

2
The'rcquired ratio is -=1:2. of . ~2:1
| 2. Solution:
| Let a, b, ¢, d be the position vectors of the vertices A, B, C, D of the tetrahedron

referred to an origin O.:
: ¥fABiSperp¢ndicularto CD(b-2a.d-9=0
s b.d-b.c-a.d+a.c=0 ?

: ; 3 T e
- ot . & o o
&———-— P o - — - -y
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If. WCis perpendlculal‘ to BD (c - a).d-b=0 . s
- le.c.d-c.b-a.d+a.b=0 . N (2)
| Subtracting (2) from (1) weget b.d-c.d +'a. E a.b=0 "~

or . d.b-9-a.(b-9)=0"ie. (b-¢).(d-2)=0.
~ which shows that BC is perpendicular to AD.

B T Solut:on syl
Twoplanesare 7x-—y+32+5-0 : oG e S (D)
: X+ 2y — 3z-4=0 ok - el svoko (2) .
Let P (x, y, z) be any point on the locus Therefore '
distance of P from (1) = =2 d:stance of P from (2)
7x—-y+3z+5 Ly X 2y=37-4

T e A /T+4a+9

i.e, 9x-y+3z+5 ’?(x+?y—-3z—-4) or 5y—9z—13—015the
requnred equation of the locus.

4. Solutlon

The condition is necessary. For let Py, Py, P; be collmear, then one of the three |
pomts say P3,divides the segment Jommg the other two in some ratlo mj:my. Hence

l'Il')VI + mpvy
V3 = or mrv; + myv; — (m; + mz) 0
ml + mp - ;

1.e. kiv; + kovy + ksvi = 0 Wllh ky + ko + ks =:0
The condition is also sufficient, for suppose kiv) + kava + ksv V3 = 0 where .
k;+k2+k3—01€ k3——"'(k1+k7) :

This gwes V3 = kll':l sl & W_ showmg that P; d:vndes the line"segment _]ommg
1 + ko
Py, P in the ratio k»:k; and so P; lles in lhIS lme
5. Solutlon ' y :
‘Equation of the line through (3, —4, 5) parallel to i
S By RS Y Rl
2h -1 2 2 15 =2
X=3 4%, §y= 4+t z=5-2t
This lies on 2x + Sy —6z if7(3+7t)+5(4+t)-—6(5 2t) = 16 |
_ ” |
_21t=16 + S0-6 = 66 — 6 =60, =—§2-— 0
: ‘ _ ' 1% 21 7 ‘
The point of intersection of the line with the plane is '
) 2 =
7 7 _ T 7 i 7 i
_ 40 _ 35-40 5 ' ;
7 e e g

Distance between (3, —4, 5) and ( %1— -3 G %) 1S




.(i)  Centroid of AABCis

‘Since P+ m?2+n2=1,

-a.nd BCD respectively. »
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[E TG
=/(i°)+<2°)-(—2‘->

6. Solution: : g md
Let the equation of the plane be Ix + my + nz=p, 2 +m?+n=1
Then A +, =1. Thu‘s- coordinates of A,B;C are r_espécﬁﬁely

p/l p/m  p/n

,(g,o,o),(o,3,0),_(0’0',.3)_
) : m N n

P'4'0+0 0+-E 4o 0+0+ L
X = y = m Ao n
3 ’ s B ’ 3
Thus P gy jeo 12 =Bl Similarly m = —p~,n'= B
3. - 3x - : 3y 3
PN 2 ; .
BB il e X 24y 24+22=9p2

9x2 9y? 922

O R b Jas il R RN
4 . 4x
- Similarly m = _L , = P SinceP+m2Fn?=1
' 4y - 4
2 L3 2. ‘
Pop B Bos piel 2 +.y 2 5%="16p2

[6%% - --16y* " 162%.

qL Solution: - & ol ek SR
Let-the planesy +. z = 0, z +
=0, x+y=0and x +y +
= 0 be ABC, ACD, ADB

Equations of the line
AC (being the intersects of - R
ABC and ACD) are'y + z =
=z + X. :

E o S o < s ()

SIS | -1 : - :
) - Fas D.
Edge opposite to AC, is BD which is the intersection of the planes ABD and BC :

Its equationsare 'x + y =0andx +y +z = a. )
Any point on th: lme is (0, 0, a). If /, m, n are the dlrection ratlos of thlS ll'ltt ther

4 . P
e e g o, L A
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Now, if L, M, N are the di
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l.l+1m+0.n=0 and 1./ + l.'rn+1.n=0.-:-—=—= e

- Equations of BD, in the symmetric form, are

x-0 y-ﬂ Z-a

R TR |
rection cosines of the shortest dxstance between (1) and
(=1) =0 and L.1 +MCED+N@© =0

(2)then L.1 + M.1 + N

E M

T e a—"whichigive

=1 =1 2 : :
L_ ____i ; M l "IN‘___ 2 ¢

J6 e e J6 i
- Shortst distance between the opposite edge AC and BD
=L (x2—x)) + M(Y'?_'YI) +N(z2-2z) |

X A% z
1 | B I=0ie,x-y=0 . .. (i)
-1 -1 2
X v Z—d : |
-1 0 |=0ie.-x+v+z+a=0 ... (Y.~
R R , :

4

(-a. —a. —a) satisfies (i) and (i) .. This point lies on the shortes!
distance between AC and BD. Similarly (-a. —a. —a) lies on the other two shortes!
distances. Hence it lics on intcersection of all these shortest distances.

8. Solution:
Let f(x, y,z)—xyz—c3—0f—yzf=zx f, = xy
Let P (X15 Y15 21) be a point on the surface, then X1y1Z; = 3.
The equation of the tangent plane at P is

yiz(x —=x1) + 13 (Y —y) + X1y, (z—2) =0
i.e. yizix + Z1X1y + X1y1Z = 3x1y;z; = 0

This plane intersects the axes in the points A (3x,, 0, 0) B (O, 3y1, 0, -

(0 0, 321)
The vertices of the tetrahedron are A B, C and O (0, 0, 0)
.- Y olume of tetrahedron
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Wi : : :
et 3)(1 20 0 ;
yithg 0 3y, -0 i
G 0 321 1
i 3x; 0 L ¢ W
AL 0 3yy 0 (numerically)
6 0 ' 0 SR | '
S _%7 X1y1Z1 _s 9¢? = (:onstélnt
& 2

L dA ! . (A 209bs 51ie0 y fisowiad snsjeib ol ylislinié
od nso A DH bns an HA 29gbe 93120qqO o} nss o

Y

- f.’CIH.Lbns DA neswisd. sonsizib testrode o 1o enoilsups o} ozlA
918 . : .
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