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6.1 Canonical Transformations

Properties of the Four basic canonical transformations

Generating Derivatives of Trivial Transformation
function generating function | special cases
F1(qi, Qi, t) p; = 9h P; = _9h F; = q;0; p; = Q;,
aq;’ 00
P; = —q;
F,(qi, P, t) p =22 o =9 F; = q;P; pi = b
aq;’ dP; Q =q
L~ M1
F3(pi1 Qi; t) q; = %, i —% — piQi qi = _Qi
dp; dQ; P, = —p
L l
Fy(pi, Py, t) g = -2 o, =25 Fy = piP; q; = _Pi
apl dP; Ql —




6.2 Conditions for the transformation to be canonical

Conditions for the transformation to be canonical

For F,(q;Q;t)» dF,=)}p;dq;— ) P;dQ;

For FZ(qi' Pi' t) = dFZ — Zpldql + Z QidPi

Fox F3(p;,Q;,t)> dF;=—)q;dp;—) P;dQ;

For F4-(pi1 Pi' t) = dF4_ - = Z qidpi + Z QidPi




6.2 Conditions for the transformation to be canonical

The transformation from (q;, »;) to (Q;, P;) will be canonical if

2. pidq; — X P;dQ;

is an exact differential

Solution: Consider the generating function F, (q;, Q;)

F OF
dF; = Za_qlidCIi + Za—Qliin

. dF
Since p;=— and  P; =
aq;

OF,
0Q;

Therefore,
dF; = ). p;dq; — X P;dQ;

which is an exact differential equation.




6.2 Conditions for the transformation to be canonical

Similarly, considering generating function F,(p;, P;, t)
OF OF
dF,(p;, P, t) = X a—pi dp; + 2. a_PLt dp;

: ) A __ 0F,
Since 9 =~ 7, and Ql_api

Therefore, dF,(p;, P;,t) = — )., q;dp; + ), Q;dP; which is an exact differential

Now subtracting dF, from dF;

|
dF; —dF, = Y p;dq; — X P;idQ; + X q;dp; — X Q;dP;
| ]

= dFy, —dF, = (X q;dp; + X pidq;) — (X Q;dP; + X PidQ;)




6.2 Conditions for the transformation to be canonical

= dF; — dF, = d(q;p;) — d(Q;P;)

= d(F, — F,) = d(q;p; — Q;P;)

Which is exact differential. Therefore the transformation
1S canonical.

And = F, = F, + q;p; — Qi P;




Examples [Conditions for the transformation to be canonical]

Show that transformation

P = %(p2 +g%)and Q = tan™1

T IQ

Solution: The transformation is canonical if [pdg — PdQ] is an exact differential

pdq-qdp
pz
2
q
1+L4
p2

1
pdq — PdQ = pdq —5 (p* + q°)

1 dq—qd 2
= pdq — PdQ = pdq — 5 (p* + ¢*) L2 x P

1
= pdq — PdQ = pdq — > [pdq — qdp]




Examples [Conditions for the transformation to be canonical]

1 1
= pdq — PdQ = zpdq +§qdp

1
= pdq — PdQ = > (pdq + qdp)

1
= pdq — PdQ = Ed(pq)
Hence the transformation is canonical.




Second Approach

Sympletic approach to canonical transformation
Let Q; = Qi(qj; Pj)

P; = Pi(q; p))
The inverse transformation are

= q;(Q;, P;)

= p;(Q;, P;)
As the transformation does not involve time, therefore the Hamiltonian
does not change in this case.

K(Q;,P) =H(q;,p;)

. . 9K  OH
To verify Q; = ap, _ ap;
We Know that H = H(CI],P])
O0H _ « OH aq] OH 0pj
ap; Z] q; apl J ap, dP; (1)




Second Approach

0Q; OH 0Q; OH

S g =y, QU _y 0o

Joqjopj = opjoq;

Comparing eq (1) and eq (2) we concludes that
0H

Qi = aP,
The transformation is Canonical only if

0aj) . . \OP; opj

Similarly we verify P, =——

(2)




Second Approach

OH aq, OH 0pj
— = 3
an Z] aq an J ap] 00 ( )
. aPl aPl
. 0P; OH 0P; OH
SP=Y—t——Y (4)

Joqjop; “Japjaq;
Comparing eq (3) and eq (4) we concludes that
0H

P —
l 00Q;

The transformation is Canonical only if

(o), = Gt (), =GO
Dj aj, D] Qi Q;, P; qj ’ Qi/ .




Examples

Show that transformation

Q = log( smp)andP—qcotp

Solution: since Q= log( sin p)
d 1
= = In )
Q sinp dt (q SINP
gqp cos p—q Sin p
= =
Q sin p [ q? ]
N Q _ pcosp ¢
sin p q
. .1
= () =pcotp — qa
aq P dp q




Now

Examples

=0 = ( cot ap) 0H 10HQP
- p dP q OP dp
1 0H

- _ 2 oH 10H . 2
= (Q = (—cot p)ap an( q cosec” p)

: oH
= Q = (cosec? p — cot? p) =

)
= Q= (1)
P =qcotp
= P = g cotp — qp cosec?p
s _ OH > OH
:P—apcotp+qcosec pa
. a OQ OH 0Q
= P = 20 9p —cotp + q cosec? paQaq




Examples

) cotp + q cosecng—g (—

. OH COS
P — ( q p

q sinp)
_aQ sinp ¢

sinp q?2
. 3H B 2 OH ,
= P = 70 (cotp) cotp — cosec p—aQ( 1)

sy _OH 2. 2., 0H
=>P—6Qcotp cosec paQ

.9
= P = £ (cot?p — cosec?p)

=P =- g—g (cosec?p — cot?p)
- OH
> p=-2 )

From equation (1) and (2) we conclude that the transformation is
canonical.




Examples (From: Goldstein Page 378)

Solve simple hormonic oscillator in one dimension whose Hamiltonian

2 2

H _ 1% + mw qz
2m 2
And generating function F, = quz cot Q

2
Where m and w are constants.

Solution: Since the generating function F;, = F;(q, Q)

Therefore p = 9 mwq cot Q (1)
_ _O0R _ _mwq? . 2
P = 50 = 5 (—cosec<Q)
2
P = —%—21 =1 cosec?( (2)

= q = /% sin()  Putting in equation 1




Examples (From: Goldstein Page 378)

aFl = v2mwP cos Q (3)

77”LW2 2

Since H = P’ + q
2m

Putting eq (2) and eq (3) in above equation

2mwPcos? Q . mw? 2P

>H = sin? Q
2m 2 mw

= H = Pw(cos? Q + sin* Q)
= H = Pw

: : H
Since Q_a_P_W

Integrating above equation Q =wt+ a




Examples (From: Goldstein Page 378)

Now Putting in equation (2) q= /:1—1:‘/ sin(wt + a)
since P =—

2H
mw?

Therefore above equation is q= sin(wt + o)

Since H is not exploit function of time therefore H = E = constant

2F
mw?

Therefore above equation is q= sin(wt + o)

This is the one-dimensional solution of Simple Hormonic Oscillator




Examples (From: Goldstein Page 378)

Since q = ‘/mwz sin(wt + a) & p =v2mE cos(wt + a)
“ Fsm{wt+a) p=v 2mE COS(Wt + (X) p = 2mE

A b
IV ./

w w

an
T

Q=wt+a




Examples

For what value of a and [3, equations

Q = q%cosfp and P = g%sinfp
Represents a canonical transformation. Find the generating Function F,

Solution: The transformations will be canonical if it satisfies the

following conditions.
. 0H : 0H
Q= dP & P=- 90

Now if we take derivative of Q = g“ cos [p
Q = aq® *q cos Bp — Bq*p sin Bp
And ] = — & ) — — —_

= (= aq“‘la—Hcos Lo + ,Bq“a—Hsin,Bp
dp aq




Examples

-1 OH 0P OH 0P

) — a —_—
= Q=aq"" " apcos,8p+,8q aPaqsmﬁp

1 0P OH
> (Q = (aq o, €OS bp + ,Bq Sm ,Bp) pys

= Q = [aq* ' (Bq® cos Bp) cos Bp + Bq*(aq®™*

: . 0H
sin fp) sin fp] 55

. — 1 . 0H
= (0 = [apq?*~" cos? p + afq?*~* sin? fp] 5

. — . OH
= Q = afq** [cos? Bp + sin® fp] - = afq

The transformation is canonical if

afq
= q2a—1 =1

2a—-1 — 1

20—1 9H
0P




Examples

> 20a—1=0
= a=1/, & = B =2
Therefore, (0 = q1/2 CoSs 2p and P = q1/2 sin 2p
Now the generating function %—1;3 = —q
= k3 = —qp
Since
Q* + P = qlcos”2p +sin“2p) =q & —=tan2p:"P=%tan_1g

Therefore the generating function




Examples (Book: Classical mechanics by Takwal)

Show that the transformation is canonical
Q = log(l + q1/2 COS p) and P = 2(1 + ql/2 COoS p)q1/2 sinp
Also Show that the generating function F; = —(e? — 1)“tanp

Solution: The transformations will be canonical if it satisfies the following
conditions.

. 0H . 0H

Now if we take derivative of Q = g% cos ffp

1

: d 1
" (1+q1/2 cos P) dat (1 tq /2 cos p)

Q B (1+q1/2 coS p) (% q—l/zq cOsSp — ql/zzj sin p)




Examples (Book: Classical mechanics by Takwal)

And = ¢= 2K _onor po O _ _oHor

dp 0P dp aq dP dq
Therefore, Q = (1+q1/z o7) (%q‘l/z Z_ZZTZ cosp + q '/ Z—ZZ—Z sin p)
zQ. N (1+ql/2 cos p) (%q—l/z Z—gcosp * ql/z Z_I;Sin p) Z_I;
=0 = (1+q1/z — p) Gq‘l/z % (qu/ZSinp + g sin Zp) cosp + ql/2 % (qu/ZSinp + g sin Zp) sin p) Z—g
=0 = (1+q1/i 7] Gq‘l/Z(qu/Zcos p + 2qcos 2p) cosp + q /2 (Z%q‘l/z sinp + sin Zp) sin p) g—z
=0 = (1+q1/i o p) (cos2 p + q1/2 cos 2p cosp + sin®p + q1/2 sin 2p sin p) Z—Z

@



Examples (Book: Classical mechanics by Takwal)

1

(1+q1/2 cos p) ((6052 p + sin? p) + q1/2 (cos 2p cosp + sin 2p sin p)) Z_I;

(1+q /2 cos P) (1 T4 v COS(Zp p))

(1 +q /2 cosp)—

(1+q /2 CoS p)
. OH
O=3%
Similarly

—2(1+q/2cosp)( q- /qump+q/2pcosp)+2q /2 Smp( ~Y2g cosp — g /Zpsmp)

=>P = (q="/2sinp + sin2p)¢ + 2(q"/2 cos? p + q cos 2p)p

0H _ OH dQ . 0H 0H 0Q

And qzap_anp & P="%¢~ 9qaq




Examples (Book: Classical mechanics by Takwal)

Putting and solving we get P = — g—g (Home work)

Hence the transformation is canonical.

OF. d
Now Z+ = o [—(e? = 1)? tanp]
OF -
a_(; — —Z(BQ — 1)€Q tanp]
aang = :—Z(elog(lwl/z cosp) _ 1)elog(1+q1/2 cos p) tan P]
Sz =[-2(1+q"2cosp —1)(1+q"2 cosp) tanp]
o =[~2(¢"2 cosp)(1 + g2 cos p) tan p]
0F3

%0 - —[2(1 + ql/2 COS p) ql/ZSin p] = —P




