Chapter 6
Lecture 1

Canonical Transformations

Akhlaq Hussain




6.1 Canonical Transformations

Hamiltonian formulation H(q;,p;) =X, p;G; —L (Hamiltonian)

one can get the same differential equations to be solved as are provided by the
Lagrangian procedure.

L(G;,q) =T =V (Lagrangian)
d oL oL , _
atog, 9q; Y (Lagrange’s equation)

Therefore, the Hamiltonian formulation does not decrease the difficulty of solving
problems. The advantages of Hamiltonian formulation is not its use as a calculation
tool, but rather in deeper insight it offers into the formal structure of the mechanics. @



6.1 Canonical Transformations

> In Lagrangian mechanics {L(q;, g;)} system is described by “g;” and velocities” ¢;”

In configurational space,

» The parameters that define the configuration of a system are called generalized
coordinates and the vector space defined by these coordinates is called

configuration space.

» The position of a single particle
moving in ordinary Euclidean
Space (3D) is defined by the vector
q = q(x,y,z) and therefore its
configuration space is Q = R?

» For n disconnected, non-interacting
particles, the configuration space is
R3™,

Physical space

Picture =
Configuration
In Physicalspace

1

Position of
one point
movingon the
2D torus

Configuration space : M =S'x §'




6.1 Canonical Transformations

» In Hamiltonian {H(q;,p;)} we describe the state
of the system in Phase space by generalized
coordinates and momenta.

» In dynamical system theory, a Phase space Is a
space in which all possible states of a system are
represented  with  each  possible  state
corresponding to one unique point in the phase
space.

» There exist different momenta for particles with
same position and vice versa.

momentum p

position =




6.1 Canonical Transformations

» To understand the importance of Hamiltonian let us consider a problem for which
solution of Hamilton’s equations are trivial (simple) and Hamiltonian is constant
of motion.

» For this case all the coordinates “g;” of the problem will be cyclic and all
conjugate “p;” momenta will be constant.

Since p; = a; = Constant
. OH  0H

And qi = ops - dan OF;
q; = wit + f;

f; 1s constant and can be find by the initial conditions.

But in real problem it is not necessary that all the coordinates are cyclic.




6.1 Canonical Transformations

» Practically, it rarely happens that all the coordinates are cyclic.

» However, a system can be described by more than one set of generalized
coordinates.

» The motion of particle in plane is described by generalized coordinates.

In cartesian coordinates y
A

g =x, & @1 =Y

In polar coordinates

g =71, & q, =0 | 5(

Both choices are equally valid, but one of the set may be more convenient for the
problem under the consideration. Not that for the central force neither x, nor y is cyclic
while the second set does contain a cyclic coordinate 6 @




6.1 Canonical Transformations

» The number of cyclic coordinates thus depend on choice of generalized
coordinates,

» For each problem there may be one choice for which more than one or even all
the coordinates are cyclic.

» Since the generalized coordinates suggested by the problem will not be cyclic
normally,

» They can be replaced by set of cyclic coordinates.

» We must first derive a specific procedure for transforming from one set of
variables to some other set that may be more suitable.




6.1 Canonical Transformations

» Let us consider transformation equations

Qi — Qi(qilpiit)1 & Pi — Pi(Qi;Pi; t)
» Such that the general dynamical theory is invariant under these transformations.

> Let us consider a function K (Q;, P;, t) such that

- oK . 0K
Pi=—55| & Qi =55

Q; & P; are called canonical coordinates and transformation q; — Q; & p; —> P;

0, =0;,(q;,p;t), & P; = P;(q;,p;, t)are known as canonical transformations.




6.1 Canonical Transformations

Here “K(Q;, P;,t)” play role of Hamiltonian and Q; & P; must satisfy Hamilton’s
principle.

6 ftiz Y P Qi —K(@Q;,P,t)|dt =0 (1)
8 [2[Z py i — H(qp,pi, O] dt = 0 (2)

Equation (1) and Equation (2) may not be qual; therefore, we can find a function “F”
such that

t, dF
ftlz —dt = F(tp) = F(t,)

and 8 J,” “Cdt =0 where 5F(t,) = 6F(t,)
. - d
and 20 g — H(qi,pi,t) = X P; Q; —K(Qi»Pi;t)‘Fd—lz (3)

Function “F” 1s called generating function.




6.1 Canonical Transformations

» There are four different possibilities for “F”

1) F;(q;,0Q;,t) Provided that g;, Q; are treated as independent
2) F,(q;, P;, t) Provided that g;, P; are treated as independent
3) F5(p;, Q;,t) Provided that p;, Q; are treated as independent

4) F,(p;, P;, t) Provided that p;, P; are treated as independent




6.1 Canonical Transformations

Case I: Eq. 3 can be written as

. dF
ZpiQi_H(Qinth):ZPin K(QUPUt)_I_ — (4)
- dF;(q;,Qit) 6F1 6F1 6F1
Since " = L5, 4 i+ an p” Therefore Eq. (4)...

aF1

: OF. OF
Ypigi —H(qppit) = X P Qi — K(Qi, P t) + X520 i + X0 Qs

Comparing coefficient of “G;” & “(Q,” on both sides
oF,

Pi =73, (5)a
oF
Pi= -5k (5)b
And K(QiPut) =H(qupp ) +5*  (B)c




6.1 Canonical Transformations

» From Eq. (52) we can determine “p;” in terms of g;, ¢; and t and the inverse
transformation Q; interms of g;,p; and t

Eq (5)a = Qi — Qi(qb Pi, t)
Eq. B)b = P, = Pi(q;,p;, t)

& Eq. (5)c provide connection between new and old Hamiltonian




6.1 Canonical Transformations

Case Il: For F,(q;, P;, t) generating function

. OF
Since P; = —a—Ql_
l

Therefore, Fi(qi, Qi t) + 2 P Q; = F5(q;, P, t)

Since  Tpidi — H(@upit) =X P 0 — K(Qy Put) + 52
sziq'i_H(Qi’pi't):ZPin K(QUPl't)_I_ [FZ(ql'Put) ZP Q]
= Y pidi— H(q,pit) =X P;Q; — K(Q;, P, t) + =2 dFZ —YP,Q; — Y P; 0,

. dF
= X p;iq; — H(q;,pi, t) = —K(Q;, P;, t) +_2_2Pi Q;

] i . . o aFZ an an
Since dt FZ(QU Put) - Zaql +26Pl




6.1 Canonical Transformations

Putting In previous equation

| oF, oF, . oF, |
zpiQi_H(Qi;pi;t):_K(Qi;Pi;t)‘l' aq_qi-l_ P'+_t_ZPiQi
l

Comparing coefficient of “G;” & “P;” on both sides

oF
Pi =50 (6)a
oF
Qi =755 (6)b

And K(Q;, Pi,t) = H(q;, pi, t) + % (6)c




6.1 Canonical Transformations

Case Ill: For F5(p;, Q;, t) generating function

Since p; = —

Therefore, we can write Fi(q;,0;,t) — X p;q; = F3(p;, Q;, t)
Since Y p;q; —H(q,pit) =X P Q; —K(Qi, P, t) + == dFl

= Zpl Cii _H(C[i;pi,t) — ZPL Ql K(Qupl't) + [FB(pl'Ql't) +Zpl ql]
. dF
sziQi_H(Qiniit)zzpin K(QUPut)‘l' 3+2plch+zpl(/h

dF
= —H(q,p;t) =X P;Q; — K(Qi P, t) +—= —

] i . . o 6F3 aF3
Since I F3(pi, Qi) = X == apl + x50 an

=+ XDiqi

i+ a—:, putting in above equation.



6.1 Canonical Transformations

Putting In previous equation

| OF, OF, . OF
_H(Qi;pi;t):zPiQi_K(Qi;Pi;t)‘l'z > pi + 3Ql+_3+zplql
api an

Comparing coefficient of “p;” & “0;” on both sides

OF
qi = —a—ps; (7)a
_ R
Pi=-7, (7)b

OF
And K(Q; P, t) = H(q;,pi t) + a—tg (7)c




6.1 Canonical Transformations

Case IV: For E,(p;, P;, t) generating function

Since p; = Zgll Zgli
Therefore, we can write Fi(q;,Q;t) —Xpiq; + 2 P;Q; = F,(p;, P;, t)
Since Yp;g; —H(q,pit) =X P; Qi —K(Q, P, t) +—1 dFl

= Y pigi —H(q,pit) = X P; Qi — K(Q;, Py, t) +— [F4(pupu t) +2piq; — 2P Q]

= Y pi4i —H(qupit) = X P Q; —K(Q;, Py t) + = dF4 ~tXpidi+ Xpiqi — L P Qi — X P Q;
—H(q,pit) = —K(Q, P, t) + —+ X piq; — X P Q;

Since %FLL (p;, P, t) = ). 3;“ ) — OF P + puttmg in above equation.

dF4



6.1 Canonical Transformations

Putting In previous equation

oF, OF OF
_H(Qi;pi:t) — _K(Qi;Pi; t) +Zap% ;T - - zpl qdi — ZP Ql
L

Comparing coefficient of “p;” & “P;” on both sides

OF

qi= =75 (8)a
OF

Qi =755 (8)b

And K(Qu PU t) — H(CIU Di, t) + A (S)C




6.1 Canonical Transformations

Properties of the Four basic canonical transformations

Generating Derivatives of Trivial Transformation
function generating function | special cases
F1(qi, Qi, t) p; = 9h P; = _9h F; = q;0; p; = Q;,
aq;’ 00
P; = —q;
F,(qi, P, t) p =22 o =9 F; = q;P; pi = b
aq;’ dP; Q =q
L~ M1
F3(pi, Qi t) g =-25 p=-295 = pil; q; = —0;
ap; dQ; P, = —p
[~ l
Fy(pi, Py, t) g = -2 g, =2 Fo =piP q; = _Pi
apl O0P; QL —
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6.1 Canonical Transformations

Properties of the Four basic canonical transformations

Generating Derivatives of Trivial Transformation
function generating function | special cases
F1(qi, Qi, t) p; = 9h P; = _9h F; = q;0; p; = Q;,
aq;’ 00
P; = —q;
F,(qi, P, t) p =22 o =9 F; = q;P; pi = b
aq;’ dP; Q =q
L~ M1
F3(pi, Qi t) g =-25 p=-295 = pil; q; = —0;
ap; dQ; P, = —p
[~ l
Fy(pi, Py, t) g = -2 g, =2 Fo =piP q; = _Pi
apl O0P; QL —




6.2 Conditions for the transformation to be canonical

Conditions for the transformation to be canonical

For F,(q;Q;t)» dF,=)}p;dq;— ) P;dQ;

For FZ(qi' Pi' t) = sz — Zpldql + Z Qidpi

For F3;(p;,Q;t)=> dF;=-)Yq;dp;— Y P;dQ;

For F4-(pir Pi! t) = dF4_ - = Z qidpi + Z QidPi




6.2 Conditions for the transformation to be canonical

The transformation from (q;, »;) to (Q;, P;) will be canonical if

2. pidq; — X P;dQ;

is an exact differential

Solution: Consider the generating function F, (q;, Q;)

F OF
dF; = Za—qlidCIi + Za—(‘;in

. dF
Since p;=— and P; =
aq;

OF,
0Q;

Therefore,
dF; = ). p;dq; — X P;dQ;

which is an exact differential equation.




6.2 Conditions for the transformation to be canonical

Similarly, considering generating function F,(p;, P;, t)
OF OF
dF,(p;, P, t) = X a—pi dp; + 2. G_Pi dp;

: ) A __ 0F,
Since 9 =~ 5, and Ql_api

Therefore, dF,(p;, P;,t) = — )., q;dp; + ), Q;dP; which is an exact differential

Now subtracting dF, from dF;

|
dF; —dFy, = Y p;dq; — X P;idQ; + X q;dp; — X Q;dP;
| ]

= dF, —dF, = (X q;dp; + X pidq;) — (X Q;dP; + X PidQ;)




6.2 Conditions for the transformation to be canonical

= dF; — dF, = d(q;p;) — d(Q;P;)
= d(F, — F,) = d(q;p; — Q;P;)
Which is exact differential.

Therefore, the transformation is canonical.

And = F, = F, + q;p; — Qi P;




Examples [Conditions for the transformation to be canonical]

Show that transformation is canonical
P = %(p2 +g%)and Q = tan‘lg
Solution: The transformation is canonical if [pdg — PdQ] is an exact differential

pdq — PdQ = pdq — - (p? + q*) |—=d (ﬂ)]

1 1 pdq — qdp

pdq — PdQ = pdq — 5 (* +q°) 2-( )
q

1-+i;§

1 z dq—qd
= pdq — PdQ = pdq - (* + q?) | e 12|

24g2°  p2

= pdq — PdQ = pdq —~[pdq — qdp]




Examples [Conditions for the transformation to be canonical]

1 1
= pdq — PdQ = Epdq +§qdp

1
= pdq — PdQ = > (pdq + qdp)

1
= pdq — PdQ = Ed(pq)
Hence the transformation is canonical.




Second Approach

Symplectic approach to canonical transformation
Let Q: = Qi(q;.p))

P; = Pi(q; p))
The inverse transformation are

= q;(Q;, P;)

= p;(Q;, P;)
As the transformation does not involve time, therefore the Hamiltonian
does not change in this case.

K(Q;,P) =H(q;,p;)

. . 9K  OH
To verify Q; = ap, _ ap;
We Know that H = H(CI],P])
O0H _ « OH 6q] OH 0pj
ap; Z, q; apl J ap, dP; (1)




Second Approach

J J
or = Lise 15,37 (1)
Now 0i=3,;2%¢,+3,%
L Jaqqu Jap]pj
). =y Qi OH v 00; OH
=>Qi_Zjaqjapj j aCIj (2)
Comparing eq (1) and eq (2) we concludes that
. OH
G = aPp;

The transformation is Canonical only if
2Q; ap
() ==(),, = () =D
qj,Dj Qi) Py 4 qj,Dj Y Qi Py
OH

Similarly, we verify P; = ~ a0
l




Second Approach

OH _ 2 OH H 0p;
0Q; j561j japj dQ; (3)
. oP; . % .
and Pi_zfa_qjqf-"zfapjpl
- 0P OH _ 53 0F; 9H
:Pi_zja_qjapj j aq; (4)
Comparing eq (3) and eq (4) we concludes that
5 0H
‘00,

The transformation is Canonical only if

(), Ol (), =62

4j,Pj Qi Pi qj,Dj Qi, Pj




Examples

Show that transformation is canonical

Q = log( smp)andP—qcotp

Solution: since Q= log( sin p)

= (Q = 4 (1smp)

sinp dt q

[qp COS p—( sin p]
sin p q>

:Q_

=>Q_pcosp q

sin p q

: . .1
=>Q=pcotp—q5




Now

Examples

=0 = ( cot aP) 0H 10HP
- p dP q OP 9p
1 0H

- _ 2 oH 10H . 2
= (Q = (—cot p)ap an( q cosec” p)

: oH
= Q = (cosec? p — cot? p) =

)
= Q= (1)
P =qcotp
= P = g cotp — qp cosec?p
5 _ OH > OH
:P—apcotp+qcosec pa
. a aQ OH 0Q
= P = 20 9p —cotp + q cosec? paQaq




Examples

) cotp +q cosecng—g (—

. OH COS
P — ( q p

q sinp)
_aQ sinp ¢

sinp q?2
. OH 2 OH ,
= P = 70 (cotp) cotp + cosec P (—-1)

s _OH 2. _ 2., 0H
:P—anotp cosec paQ

.9
= P = £ (cot?p — cosec?p)

=P =- g—g (cosec?p — cot? p)
- oH
> p=-2 )

From equation (1) and (2) we conclude that the transformation is
canonical.




Examples (From: Goldstein Page 378)

Solve simple hormonic oscillator in one dimension whose Hamiltonian

2 mw?

p
H="—+——q

2m

And generating function  F; = —~wq? cotQ

Where m and w are constants.

Solution: Since the generating function F; = F,(q, Q)

Therefore p = %—21 = mwgq cot Q (1)

0F, _  mwgq?

P = 9Q 2

(—cosec?Q)

_ 9 _ mwg’
90

=>q = /% sin@  Putting in equation 1

P =

cosec?Q (2)



Examples (From: Goldstein Page 378)

aFl = v2mwP cos Q (3)

77”LW2 2

Since H=2 ™,
2m

Putting eq (2) and eq (3) in above equation

2mwPcos? Q n mw? 2P

>H = sin? Q
2m 2 mw

= H = Pw(cos? Q + sin® Q)
> H=PworP =—

w
: . OH
Since Q = 5 =W

Integrating above equation Q =wt+ «




Examples (From: Goldstein Page 378)

Now Putting in equation (2) q = /% sin(wt + o)

since p==
w
Therefore, above equation is q = nf;]z sin(wt + a)
& p = V2mwP cos Q = v2mH cos(wt + a)

Since H is not exploit function of time therefore H = E = constant

Therefore, above equation is q= / nsz sin(wt + o)

This is the one-dimensional solution of Simple Hormonic Oscillator




Examples (From: Goldstein Page 378)

Since q = ‘/mwz sin(wt + a) & p =v2mE cos(wt + a)
“ Fsm{wt+a) p=v 2mE COS(Wt + (X) p = 2mE

A b
W ./

w w

an
T

Q=wt+a




Examples

For what value of a and [3, equations

Q = q%cosfip and P = g%sinfp
Represents a canonical transformation. Find the generating Function F,

Solution: The transformations will be canonical if it satisfies the

following conditions.
) : 0H
Q= dP & P=- 90

Now if we take derivative of Q = g“ cos [p
Q = aq® g cos Bp — Bq*p sin Bp
And ] = — & ) — — —_

= (= aq“‘la—Hcos Lo + ,Bq“a—Hsin,Bp
dp aq




Examples

-1 OH 0P OH 0P

) — a —_—
= Q=aq"" " apcos,8p+,8q aPaqsmﬁp

1 0P OH
> (Q = (aq o, COS bp + ,Bq Sm ,Bp) pys

= Q = [aq* ' (Bq” cos Bp) cos Bp + Bq%(aq®*

: . 0H
sin fp) sin fp] 55

. — 1 . 0H
= (0 = [apq?*~" cos? p + afq?*~* sin? fp] 5

. — . OH
= Q = afq** [cos?® Bp + sin® fp] - = afq

The transformation is canonical if

afq
= q2a—1 =1

2a—-1 — 1

20—1 9H
0P




Examples

>20a—1=0
=> a =1/, & > f=2
Therefore, (0 = q1/2 COS 2p and P = q1/2 sin 2p
Now the generating function 2—1;3 = —q
= F3 = —qp
Since
Q% + P? = q(cos® 2p + sin” 2p) = q & —=tan2p =p =%tan‘1g

Therefore, the generating function




Examples (Book: Classical mechanics by Takwal)

Show that the transformation is canonical
Q = log(l + q1/2 COS p) and P = 2(1 + q1/2 COoS p)q1/2 sinp
Also Show that the generating function F; = —(e? — 1)“tanp

Solution: The transformations will be canonical if it satisfies the following
conditions.

. 0H . 0H

Now if we take derivative of Q = log(1 + ¢ /2 cosp)

. 1 d 1
Q= (1+q1/2 Ccos p) dt (1 tq /2 cos p)

Q = (1+q1/2 cosp) G q~/2qcosp — q/2psin p)




Examples (Book: Classical mechanics by Takwal)

And = ¢= 2K _onor po O _ _oHor

dp 0P dp aq dP dq
Therefore, Q = (1+q1/z o7) (%q‘l/z Z—zg—g cosp + g/ Z—ZZ—Z sin p)
zQ. N (1+ql/2 cos p) (%q—l/z Z_II;COS Pt ql/z Z_I;Sin p) Z_IIL’I
=0 = (1+q1/i — p) Gq‘l/z % (qu/ZSinp + g sin Zp) cosp + ql/2 % (qu/ZSinp + g sin Zp) sin p) Z—g
=0 = (1+q1/i 7] (%q‘l/Z(qu/Zcos p + 2qcos 2p) cosp + q /2 (Z%q‘l/z sinp + sin Zp) sin p) g—;’
=0 = (1+q1/i o p) (6052 p + q1/2 cos 2p cosp + sin®p + q1/2 sin 2p sin p) Z—Z

(=)



Examples (Book: Classical mechanics by Takwal)

1

(1+q1/2 cos p) ((6052 p + sin? p) + q1/2 (cos 2p cosp + sin 2p sin p)) Z_I;

. _ /
¢ (1+q /2 cos ’p) (1 g7 cos(2p - p))
Q= (1+¢q /2 cos p) Z—I;

(1+q /2 CoS p)

Similarly, P = 2(1 + q1/2 CoS p)ql/2 sinp

=2(1+q" cosp)( q~ "2qsinp + q'/2p cosp) +2q/2sinp ( ~/2q cosp — q'/2p sin p)
P= q‘l/zc'] sinp +qcospsinp + 2q1/zp cosp + 2qcospcospp +gsinpcosp — 2gsinpsinpp
=P = (q_l/z sinp + sin Zp)q + Z(ql/2 cosp + q cos Zp)p'

And q:gH:aHaQ g p=— OH _ _9H0Q

p 0Qdp aq 0Q dq




Examples (Book: Classical mechanics by Takwal)

Putting and solving we get P = — g—g (Home work)

Hence the transformation is canonical.

OF. d
Now Z+ = 2o [—(e? — 1) tanp]
OF -
a_(; — —Z(QQ — 1)€Q tanp]
aang = :—Z(elog(lwl/z cosp) _ 1)el°g(1+q1/2 cos p) tan P]
Sz =[-2(1+q"2cosp —1)(1+q "2 cosp) tanp]
o =[~2(¢"2 cosp)(1 + g2 cos p) tan p]
0F3

%0 - —[2(1 + ql/2 COS p) ql/ZSin p] = —P
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6.3 Legendre Transformations

Lagrangian of the system L =1L(q; G;t)
| . d oL  dL

Lagrange's equation o5 "aq. =0

Where momentum p; = aL(giC'I,fii’t)

In Lagrangian to Hamiltonian transition variables changes from (qi’ d;, t) to
(q:,pirt),

where p; Is related to g; and ¢; by above equation.

This transformation process Is known as Legendre transformation.

Consider a function of only two variable f (x, y)

df—afdx+afdy

df = udx + vdy



6.3 Legendre Transformations

If we wish to change the basis of description from x, y to a new set of variable y,u

Let g(y,u) be a function of u and y definedas g = f — ux (D
Therefore dg = df — xdu — udx

since df = udx + vdy

So dg = udx + vdy — xdu — udx

dg = vdy — xdu
And the quantities v and x are function of y and u respectively.

And dg = dy +- %9 du

E_ ou




6.3 Legendre Transformations

Equation | represent Legendre transformation. The Legendre transformation is
frequently used in thermodynamics as

dU = TdS — PdV for U(S, V)

And H=U++PV H(S,P)
dH =TdS + VdP
And F=U-TS F(T,V)
G=H-TS G(T,P)
U= Internal energy T = Temperature S = Entropy P = Pressure
V = \olume H = Enthalpy F = Helmholtz Free Energy  G=Gibbs free energy




6.3 Legendre Transformations

The transformation of (g, g, t) to (g, p, t) is however different.

Since dL=S—2dq+g—gdq+%dt
oL d 0L .
d (0L oL d oL
Therefore, E(a_q)_ﬁ_i —£—O
N
aq_p
Therefore , dL = 3—:dq + g—gdq + %dt

dL = pdq + pdq + 5 dt

And H=qgp—-1L @




6.4 Lagrange’s Bracket

Lagrange brackets were introduced by Joseph Louis Lagrange in 1808-1810.
» Mathematical formulation of Classical Mechanics.

» The Lagrange bracket is not use in modern mechanics

» The Lagrange's bracket are defined as if u and v are functions depending on g;
and p; then

_ dq; dp;  dq; api) _ v 9(qipi)
w, U}q,p - Zl (au v ov ou/ Zl d(u,v)

And invariant under canonical transformation.




6.4 Lagrange’s Bracket

Some properties

L {w,v},, = —{v,ulgy

11. {qi»qj}q,p =0 = {Pi'Pj}q,p

111, {qi'pj}q,p — 51]

. {u,v},, ={u,vigp

|

lifi=j
0ifi+]

Lagrange's bracket are anti commutative

For identical function It Is zero

Equal to Kronecker delta function.

Invariance of Lagrange Bracket




6.4 Lagrange’s Bracket

Proof: (w,v},, = —{v,ulg,

_ dq; Op; _ 0q; api)
{u' v}q’p - Zi (au dv Jv odu

: : da: 0p:  0d: OD:
Taking negative common  {u,v},, = — % (_ aff az:;l n a?;l az;l)

_ dq; Op;  0q; api)
{u' v}q’p - Zi(av u Ju O0v

{ur v}q,p — —{U, u}q,p proved




6.4 Lagrange’s Bracket

Proof: {qi, qj}p,q =0 = {pi,pj}q’p For identical
function it is zero

{CI' q_} —y (aCIk Opr 04k apk)
U q,p k\dq; dq; dq; 0q;

Here p and g are treated as independent co-ordinates in phase space. So

Therefore, {q;, q; }qp =0

similarly , we can show {pi,pi} =0




6.4 Lagrange’s Bracket

Lifi=i |
{ql’,pj} = 0;j {0 i; i 7&;' Equal to Kronecker q)elta function.

9qr 3 a,/
{qi’pj}q’pzzk( qk 0Pk _ 9q pk)

dq; 0p; //Qﬁ} dq;

. . aqr /9

Since p, g are independent, we get 1k — ZPk —
dp;  0q;

dqk 0Pk
dq; Opj

Therefore, {qi,pj}q,p =Yk
= {Qi:pj}q,p = Lk OkiOkj = Oij

Where 9;; is a Kronecker delta function

Lifi— i |
Hence {qip;} =6 { =] Equal to Kronecker delta function.

Oifi+#j «:E»



6.4 Lagrange’s Bracket

W, vy, = {uw,vigp Invariance of Lagrange Bracket

3(q;ip) _ w 9(Q;P))
Or Zi d(u,v) _Zj d(u,v)

Proof: Let q; and p; are function of ¢; and P;
_ dq; dp; 0q; Op;
W, Vigp = Zi(au v v au) ()

dp; 9Q; 4 9 OPj
an ov an ov

op;
And for p; = p;(Q;, P;) = 6—2;:2]-(

Using Maxwell’s equations

Opi _ 90Qj g pi OP; S :
— = = —— utting in above equation
an dq; an dq; P g q
%_ (_anan anan)_ (anan_anan)_ .
v Z] dq; ov t dq; ov/ Z, dq; v dq; v/ i, U}Q’P (1) O@



6.4 Lagrange’s Bracket

 inD aq; _ dq; 0Qj = 9q; OP;
And di = QL(Q]’P]) = ov Zj (an ov t dP; Ov

Using Maxwell’s equations

dq; _ OP; 0q; 00 T -
— = _ utting 1n above eguation
an op; & an op; P J d

l

%ZZ_(anan_anan)
ov J\op; ov  op; v

= —{pi Vigp (11)

_ _ dq; dp; 9q; Op;
Putting Eqgs (1) &(H) in Eq (1) {uw,v},, = X; (aZZ ail ~ ac,l,l al;l)

(2 (A0 P00 (90100; 00,07 ) am)
w, v}q'p B Zii(au dq; ov  dq; Ov dp; ov. dp; ov/ Ou

OP; (0Q;dq; = 0Q;dp;\ 0Q; (0P;dq; = OP; dp;
{u;v}q,p=2i]’( ]( Qj CIL_I_ Qj pl)_ Q]( J CIL_I_ J pl))

dv \dq; du dp; ou dv \dq; ou dp; ou




6.4 Lagrange’s Bracket

OP; 0Qjdq; = 0Qj dp; 3Q; dPjdq; , OPj dp;
i i( l_l_ l) Z(__l_|_ l))

u, v}q,p — Zj ( ov dq; du | dp; ou) Qv i

_ anan_anan)
W v}q'p B Zj ( ov ou ov ou

_ anan_anan)
{u' U}q,p - Zj ( ou ov ou ov

u, v}, = U, vigp




6.5 Poisson’s Brackets

Poisson’s bracket:
» An important binary operation in Hamiltonian mechanics
» Play a central role in Hamilton's equations of motion.

» Distinguishes a class of coordinate transformations (canonical transformations)
» Very useful tool in quantum mechanics and field theory.

The Poisson bracket are defined as

ou Jv ou OJv
[w, v]gp= 2 (_ 99 30 _)

ou O0v ou Jv
Or [w, U]Q,P= Zi (aQi OP; B dP; aQi)

Where u, v are two functions, w.r.t the canonical variable (g, p) or (Q, P).

@



6.5 Poisson’s Brackets

Consider f is a function such that

f - f(CIi) Pi, t)
df af dq; of dp; , Of
dt Zlaql dt +Ziapi at | ot
ﬂ _ _f
Zl aq; ql T Zl apl +
As we know that i; = oH and p; = _0H
b op; : 9q;
. af _ [6f 0H  df 6H] of
Eq 1 can be written as — = i 20 90, 30 9a. +—
af _ af

Where [f, H] is called Poisson's Brackets.




6.5 Poisson’s Brackets

Generally, u and v are two function their Poisson’s bracket is

.9) = 3t G 50~ 3prad
Properties It is obvious from the definition of the Poisson brackets that
. |u,v]=—|v,ul Poisson bracket are anti-commutative
i |u,ul =0=|v,v] Poisson bracket of identical functions are zero.
i |u,c] =0 =|u,c] Where c is independent of p or g.

IV.

V.

vi. [90p;| =8y 0if i #]

u+v,w| = |u,w|+ |v,w]| Poisson brackets obeys the distributive law

u,vw]| = lu, vlw + vlu, w]

( . . .
1 = . :
Ji=] Where §;; Is the Kronecker delta function.

G



6.5 Poisson’s Brackets

1)Skew symmetric OR anti commutative

(OR show that Poisson brackets do not obey commutative law)

As we know that [u, v]g

Taking —ve sign out of the bracket

[w, v]gp

lu, v]gp

14,p

14,p

n lau dv  du av]
'=116q;0p; op;aq;

_yvn | du odv ou av]
=11 oq;op;  ap;dq;

_Zn [ du Ov ou 0v |

'=118p;0q; dq; dp;.
_yvn [9v ou ov ou |
i=1

1dq; Op;  0p; 0q;.
—lv,ulgp proved




6.5 Poisson’s Brackets

For identical function
[u, u]q,p = [v, v]q,p =0

=0

o on [(’)u du du au]
A “t=1pq;0p;  9p; 0q;

Similarly, v, v]gp =0
Poisson brackets with a-constant

Let F be function of generalized g; and p; and C is any constant.

dF dC  9F aC
— \'n _
Then [F) Clap = 2i=a [661i op;  Op; aQi]
ac  ac
Where 30 = p; 0 where ¢ does not depend on g; and p;.
l l

[F,Cly, =0 ©



6.5 Poisson’s Brackets

Poisson Brackets obey the distributive law

Consider F;, F, and G are three functions dependently upon g; andp;.
(0(F,+F,) 0G _ 0(F1+F,) aG]
dq;  Op; dp; 0q

" (OF 0F,\ 0G OF 0F,\ 0G
F F G 1 2) — ( 1 2) . ]
[( 1T 2) ] l—1 ] T op; op; T dpi/ 0q;

Then [((F, + F,),G] = X1,

1
OF; '9¢  OF, 9G 0F, 0G
+ = )—( = — +
1\dq; dp; 0q; apl op; 0q; apgaqi |

(
G
(6 1 0G 6F1 OG) n (aFZ G  0F, 66)'
G
lap

[((F1 + F,),G] = Xi—4 - aG)-

Fr+F)G
[( 1 2) ] l 1 aql apl apiaQi aqi 6pi api aCIi .

o626 3%, 96)] | 5w [0f 96 _ 0f; 3G]

(F1 + F), 6] =X,

Fi + F,,Glg, = [F1,G

Proved it obeys.



6.5 Poisson’s Brackets

Poisson's Brackets are linear

Consider if Fy. 5y, G(q,p,) and W, ) are three functions and a, b are constant, then
we here to show that

[aF + bG,W] = [aF, W] + [bG, W]
laF + bG, W] = al|F, W]+ b|G,W]
Let aF = F'and bG = G’
Then by distributive property we know that
aF + bG,W] =[F'+G',W],,
F'+ G, W]=[F W]+ |G, W]
aF + bG,W] = [aF, W]+ [bG, W]




6.5 Poisson’s Brackets

Now consider

d(aF) ow _ d(aF) oW

_ yn
laF, W] = lzl[ dq; Op; Op; 9q;

oF 6W_ oF oW
dq; dp; Op;0q;

aF, W] =a), [

aF, W |
Similarly bG, W

al|F,W]
b |G, W]

Hence

laF + bG, W] = a|F, W]+ b|G, W]




6.5 Poisson’s Brackets

Show that if u, v and w are functions dependent on (q;, p;), then show that
lu, vw] = [u, vlw + v[u, w]

du d(vw)  du d(vw)
A v i -
S [u W]qp i=1 dq; Op; dp; 0q;

[u, vw]qp * a—u(va—w+wav) ou (vaw+wﬂ)]

aq; op; opj dp; \ 0q; aq;
ap — 4i=1 [ \" 54, p; dp; 9q; dq; Op; dp; 9q;
- - ou odv ou Jdv ouow ou ow
n
u, vw = ). W[—————]+v[—————
- a.p 2i=1 dq; 0p; Op;0q; dq; Op; 0p;0q;

w, vwly, o = wlu,v],, +v[u,wlg,




6.5 Poisson’s Brackets

Proved that %[F, G| = [%»G] + [F'g_ﬂ
Sol: [F,G]=XM~ [aa;aa—; — :_;aa_i
.61 =23 (S = 55
[F G] = Xiza _jt (jcl:i ngi) B ;t (:Ifi gccl;i)]
2R, =X, [ 2 (25) + 2 (aaf;) o :; aat (5e) ~ 3 5p) 3l

0 _on J0F 0 (0G 0F 0 JF\ 0G d (O0F\ 0G
P [F' G] — Lj=1 . ] ] 2 o . .
at dq; 9t \0p; dp; Ot aCIl dq;/ Op; Ot \dp;/ 0q;




6.5 Poisson’s Brackets

i[F Gl == 37 [6F 9 (66)_6F ) ( )] £y [ (aF)aG_ 9 (ap)a(;]
’ t=116q; ap; \ ot/ ap;dq; dq; \at/ ap; dp; \at/ dq;

=[] +[20]  oroeg

Assignment Show that
i |aiq;] = [pip;] =0

1 vn aql'aqj_aéhaqj]_ _
[q“q]]_ izllachapi dp; 0q; = [0-0]




6.5 Poisson’s Brackets

1 if i=j
[qi,Pj]=5ij{o if i#j 0

0q; 0D 0q; p']
. ] = n l _] — _]
[q“ p]] k=1 [GCIk Dk k 0qk

op dq
'r' — —
Whe e 9q = 0 ap

G
laipj] = [gg; %‘ = OixOjk = 0ij




6.5 Poisson’s Brackets

Show that Poisson’s brackets is invariant under canonical transformation

[F,Glgp = [F,Glop
Proof: let F and G be two arbitrary function of g and p.Then

0F 0G 0F 0G
F,Glop =3 — |
[ ]q’p Z" dq;dp; 0p;dq;

Let the Transformation Q = Q(q,p) and P =P(q,p)
Inverse transformation g = q(Q, P) and p=p(0Q,P)
Therefore G=G(Q,P)

3G 3G
G = Zka_QkaQK +Zka_PkaPk

G

0G 0Py

Then —=Zk[aG an"‘a_Gﬂ] & a_G=2k[aG an"‘

0q; 0Qk 0q; 0Pk 0q; op; 0Qk Op;

0Py Op;




6.5 Poisson’s Brackets

dG 0Qy n
0Qk Op;  JPj Op;

oG apk) _ oF (OG 0Qy _I_a_capk)]
op; \0Q dq; 0Py 0q;

G 0 oF ( 0G 0 oF 0P oF oP
= [F,Glap = Zir [50- (o 0) = 5: G 00-) o0 o 5m) 30 (o 3e0))
dq; \0Qy 9Op; 0p; \0Qk 0q; 2q; op; op; 2q;

= |F,Glgp = 2k o¢ (Zi [aF o _ anD oP (Z [aF k2 apk])]

L0Qk dq; dp;  Op; 0q; dq; dp;  Op; 0q;

= [F,Glap = Zix 5

> [F,Glop = i |2

_6Q [F Qk]qp [F Pk]qp] (I)

Replacing F by 0Q; 0
0 0
= [Qi, Glgp = 2 [a_QGk Qi Liclap + a_PGk [Qi'Pk]q’p]

9G
= [0Q;, G]q,p = Zka_Pk(Yik = o5




6.5 Poisson’s Brackets

Now replacing G by F in previous equation

= [Qu F] = 5

0F

Or = [F, Qk]q,p — _a_Pk (1)
Similarly, replacing F by P; ineq (I) 0
= [Pi; G]q Zk[ [Pl; Qk]qp P; qp]

= [Pi: G]q,p — Zka_Qk [Pi: Qk]

aG
= [Pl'J G]q,p — _Zka_Qk [Qkipi]




6.5 Poisson’s Brackets

G G .
= [Pi'G]q,p :_Zka_Qk(Sik :_a_Qk for i =k
G
Now replacing G by F, we get |F, P, ] = aa; (1)
k

Putting (II) and (111) in eq (1)

0G d0G OF d0G OF
= [F,Glgp = Sk |50 [F Qilgp + a—Pk[F»Pk]q,p] = 2k (_a_Qka_Pk-I_a_Pka_Qk)
- : J0F 0G 0F 0G
= 'F’ G'q’p - Zk (an 0Py, B 0Py, an) - [F’ G]P’Q

:q,p — [F; G]P,Q




6.5 Jacobi lIdentity

:u, v, W]] + [v, lw, u]] + [W, lu, v]] =0

Solution Since [u,v] = Yj=1 30c 9or " 3p- Bax
k k k Y4k

n (au ov ou av)

vl = 3 (a_“i_a_”i)v

P T Ak=1\oq, apr Opk qx

u,v] = Dyv

— \'2n ad
Where D, =Yi"«; 3, Notgu : :
For1ton a; = — & =
boagy 0§;  Opg

Similarly D,, = Zz-nﬁ-i Forntlto2n oq; =——% & 2 =272

v ] FJ o¢; Pk d§;  0qg

Now considering first two terms

[u, v, W]] + [v, [w, u]] = [u, v, W]] — [v, lu, W]] = |u,D,w]| — |v, D, W] @



6.5 Jacobi lIdentity

:>[u, v, W]] + [v, lw, u]] = |u,D,w]| - |v,D, w] = D,(D,w) — D,(D,w)

o [w, o, wl] + [, [w,u]] = 22" i 5 (z%n B; %w) = 35" B5e (ZF" aizpw)

e 3B dw 2y on o 9a; dw
:[U, lv, W]] + [U; [w, u]] = nal ,B] fz Sg] + Z 28 6€j oF | — l?%afi - l? 'BJ ¢ AE;

2n 9B ow da; ow

o[ o wl + [v, w,ul| = 287 @i 52 52 = 287 B 57 o5,

o o, wl] + o, w,ul] = 577 (, 222 - 5, 32) o

By using the property that sum is not effected if the indices are interchanged (dummy indices)

©



6.5 Jacobi Identity

= y2n (a.%_ﬁ. f’“f) ow _ n.(a.% _ B, 6“1) 0w | son (a.%_ﬂ. a“f) ow
LI\ 0¢; boag) 0¢; LI a¢; Lot/ a¢; LI=n+1\ ™ a¢; bag;/) a¢;

on( ., 9Fi  , 9aj\ow _ ow ow
= Zi,j (al afl ﬁl afl)agj _ Zi (A] api T B] aqi)

. D dp;j 0D
Replacingw by p; = % (452 + B 52) = Zidj 52 = Ti Aibiy = 4

ov ou
= Aj = U, |- |v.7—
dq; | aq;
v [ du d
= A; = [u,— +—-——,v]::-——[u,v]
aq]'_ aq]' aq]'




6.5 Jacobi Identity

Replacing w by g;

wlv.q]] - [”' [ 9, ]] B

= B = —
0 .
= B] . —%_u)
[ T I T ow 0 ow 0
= |u,|lv,w|| + |y, |w,ul|l = — = (uv
w, [v,w]] + [v, [w,ul] = 3, [aplaq, 22w,
= [u, [v,w]] + [v, [w,ul] + [W, U, v ] =0




6.5 Poisson’s Brackets

Evaluate the following Poisson bracket and explain its physical meaning:

mr2g2, — 2+p‘:”+ Py +Vrl
[ 2(pr r ) ()r,0

r2sin?d

Find the value of @ € R for which the following transformation is canonical:

1
Q(p,q) =In (%);P(p. q) = —5qp"




We will need some partial derivatives to compute the PB of L, and L,




Let's do these one at a time...

It doesn’t look like we are winning, but what I am doing is breaking this down into
small enough parts that I can use my identities. For instance,

note that [py. x| = [p.,z] = 0. Finally,




Well, I guess we knew that. Let’s do [7_.

where | have dropped 2 terms since [q;, g | = 0 and I7{r) has no p; in L

Putting these together to find the PB of L- with I7,




