Appendix A
Gamma and Beta Functions

A.1 A Useful Formula

The following formula is valid:
/ ey = (ﬁ)n

This is an immediate consequence of the corresponding one-dimensional identity

—oo

tee o
/ e Vdx=T,

which is usually proved from its two-dimensional version by switching to polar

coordinates:
400 poo 5 P oo 5
I? :/ / e e dydx:Zn/ re" dr=m.
oo oo 0

A.2 Definitions of I'(z) and B(z,w)

For a complex number z with Rez > 0 define

F(z):/ e ldr.
0

I'(z) is called the gamma function. It follows from its definition that I"(z) is analytic
on the right half-plane Rez > 0.
Two fundamental properties of the gamma function are that

I'(z+1)=z(2) and I'(n)=(n-1)!,

where z is a complex number with positive real part and n € Z™". Indeed, integration
by parts yields

JaE rre 1T 1  —t 1
F(z)z/ et dt = +7/ tte”'dt =-I'(z+1).
Jo z ]y zJo z

Since I'(1) = 1, the property I'(n) = (n—1)! for n € Z* follows by induction.
Another important fact is that
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418 A Gamma and Beta Functions

This follows easily from the identity
F(%) :/ t_%e_tdt:2/ e du = V.
0 0

Next we define the beta function. Fix z and w complex numbers with positive
real parts. We define

1 1
B(z,w) = / =) tar = / 1= ar
0 0
We have the following relationship between the gamma and the beta functions:

r)rw)

B(z,w) = Ttw)

b

when z and w have positive real parts.
The proof of this fact is as follows:

1
F(Z+W)B(Z7W) :F(Z—I—W)/ Z‘W*l(l_t)zfldt

0
] +w
—rn) [0 () (= /(1 +u)
1 +w
= / < > Vi leVdvdu
1+u
_ / w—1 W= 1 7v(u+l)dsdu S:V/(1+M)

/ " Ye™" duds

e (w)ds

I
’1\\\\

A.3 Volume of the Unit Ball and Surface of the Unit Sphere

We denote by v, the volume of the unit ball in R” and by @,_; the surface area of
the unit sphere §"~!. We have the following:

and



A.4 Computation of Integrals Using Gamma Functions

n

W1 212 @
n nl(5) L(5+1)
The easy proofs are based on the formula in Appendix A.1. We have

(va)'= [

by switching to polar coordinates. Now change variables t = r> to obtain that

Vyp =

2 ® 2o

e W dx:a)n,]/ e dr,
n 0

1wy [T _1 o

7 — Y1 2 n—1 n

T s /Oe 12 dr =250 (%)

This proves the formula for the surface area of the unit sphere in R".
To compute v,,, write again using polar coordinates

1 1
vn:|B(0,1)|:/ ldx:/ / " ldrde = - w, .
[x|<1 Sn=1.J0 n

419

Here is another way to relate the volume to the surface area. Let B(0,R) be the
ball in R" of radius R > 0 centered at the origin. Then the volume of the shell
B(0,R+ h) \ B(0,R) divided by h tends to the surface area of B(0,R) as h — 0. In
other words, the derivative of the volume of B(0,R) with respect to the radius R is
equal to the surface area of B(0,R). Since the volume of B(0,R) is v,R", it follows
that the surface area of B(0,R) is nv,R" . Taking R = 1, we deduce @, | = nv,.

A.4 Computation of Integrals Using Gamma Functions
Let ky,...,k, be nonnegative even integers. The integral

ke anan =T ey =TI (%57)

expressed in polar coordinates is equal to

* 2
</ 19f1-~'9,/f"d9>/ PRtk n=1o=r"qp
Sn— 0

where 6 = (0,...,6,). This leads to the identity

ki kg k4
k kn _ 1
[, ool —ar (St (),

Another classical integral that can be computed using gamma functions is the

following:



420 A Gamma and Beta Functions

/2 1 F(i) (i)
sin@)?(cos )P do = 7#,
/0 (sing)*(cos@)”dep = 5 F (&5
whenever a and b are complex numbers with Rea > —1 and Reb > —1.
Indeed, change variables u = (sin ¢)?; then du = 2(sin ¢)(cos ¢ )d ¢, and the pre-
ceding integral becomes

atlyr bl
L = L (e oy ITCERCE)
2 2 2 F“z )

A.5 Meromorphic Extensions of B(z,w) and I'(z7)

Using the identity I'(z+ 1) = zI'(z), we can easily define a meromorphic exten-
sion of the gamma function on the whole complex plane starting from its known
values on the right half-plane. We give an explicit description of the meromorphic
extension of I'(z) on the whole plane. First write

1 oo
F(z):/ tzfle*’dwr/ e dt
0 1

and observe that the second integral is an analytic function of z for all z € C. Write
the first integral as

1zfl eff_N( j al J/]'
R O N T

The last integral converges when Rez > —N — 1, since the expression inside the
curly brackets is O(#N*1) as ¢ — 0. It follows that the gamma function can be de-
fined to be an analytic function on Rez > —N — 1 except at the points z = —j,
j=0,1,... N, at which it has simple poles with residues = i e . Since N was arbi-
trary, it follows that the gamma function has a meromorphic extension on the whole
plane.
In view of the identity

L) (w)
B(z,w) = ———,

(z,w) I(z+w)

the definition of B(z, w) can be extended to C x C. It follows that B(z,w) is a mero-
morphic function in each argument.

A.6 Asymptotics of I"(x) as x — oo

We now derive Stirling’s formula:
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I'x+1)

li()\/i

1.

First change variables t = x 4 sx\/g to obtain

F(x—i—l):/owe’txdt:( ) \/ﬂ/ L\[)xd&

254/x/2

Setting y = /3, we obtain

X = (1 %y »

To show that the last integral converges to /7 as y — oo, we need the following:

(1) The fact that
. ((1 —l—s/y)y)zy 2
lim (| ———— —e ",

y—ro0 e’

which follows easily by taking logarithms and applying L'Hopital’s rule twice.
(2) The estimate, valid fory > 1,

1 2
(H_;)y 2y ﬂ when s > 0,
es -
e’“2 when —y <5 <0,

which can be easily checked using calculus. Using these facts, the Lebesgue dom-
inated convergence theorem, the trivial fact that y_y.5<cc — 1 as y — oo, and the
identity in Appendix A.1, we obtain that

s\Y\ 2y
. I(x+1 e ()
LH;M = Jim | < A=y (8) s

teo o
:/ e ds

3

A.7 Euler’s Limit Formula for the Gamma Function

For n a positive integer and Rez > 0 we consider the functions
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L) :/0" (1= 1)

Ia(z) = 2(z+1)--(z+n)

and we obtain Euler’s limit formula for the gamma function

‘We show that

lim I;,(z) =TI'(z).

n—o0

We write I'(z) — I,(z) = 11 (z) + I2(z) + I3(z), where

Ii(z) = /nme*’zzfldt,
L(z) = /nl/12 (e’ - (1 - ;)n) r#dr,
L(z) = /On/2 <e" - (1 — ;)n>tz_1dt.

Obviously I (z) tends to zero as n — 0. For I, and I3 we have that 0 <7 < n, and by
the Taylor expansion of the logarithm we obtain

t\" t
log(l—f) :nlog(l—f):—t—L7
n n

where

L_t2<l+lt+1t2+ )
T n\2 3n 4n? '

It follows that fon
O<e’ — (1—7) —e'—ele <o,
n

and thus /»(z) tends to zero as n — oc. For I3 we have 7/n < 1/2, which implies that

Consequently, for 7/n < 1/2 we have

t n
0§e"—<1—7> —e'(l—eb)<e'L<e'—.
n

Plugging this estimate into /3, we deduce that
c
I(z)| < EF(Rez—i-Z),

which certainly tends to zero as n — oo,
Next, n integrations by parts give
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n n—1 n-2 1 / I n!n®
nzn(z+1)n(z+2) n(z+n—1) Jo Wz+1)--(z4n)

I(z) =

This can be written as

1:Fn(z)zexp{z(l—&-%—ké—&----—k%—logn)}fl(l+%)e*2/".

k=1

Taking limits as n — oo, we obtain an infinite product form of Euler’s limit formula,

1 :F(z)ze”ﬁ (1 +£)e’z/",

k=1

where Rez > 0 and 7y is Euler’s constant

y=lim 1+ = ! + = ! +-- —|—l—logn
n—oo 2 3
The infinite product converges uniformly on compact subsets of the complex plane
that excludes z=0,—1,—2,..., and thus it represents a holomorphic function in this
domain. This holomorphic function multiplied by I'(z) ze?* is equal to 1 on Rez > 0
and by analytic continuation it must be equal to 1 on C\ {0,—1,-2,...}. ButI'(z)
has simple poles, while the infinite product vanishes to order one at the nonpositive
integers. We conclude that Euler’s limit formula holds for all complex numbers z;
consequently, I'(z) has no zeros and I"(z) ! is entire.
An immediate consequence of Euler’s limit formula is the identity

1
\F(x+iy)|2 |2H< k—|—x )

which holds for x and y real with x ¢ {0,—1,—2,...}. As a consequence we have
that
I (x+iy)| < [(x)]

and also that

! U cwnp
< DI
\C(x+iy)| = |T'(x)]

where

oo

[\)

whenever x € R\ {0,—1,-2,...} andy €R.
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A.8 Reflection and Duplication Formulas for the Gamma
Function

The reflection formula relates the values of the gamma function of a complex num-
ber z and its reflection about the point 1/2 in the following way:

sin(mz) 1 1

n  TI'(x(1-z)°

The duplication formula relates the entire functions I"(2z) ' and I'(z) " as follows:

1
1 T2 22z71

r(r+i)  I'(2)

Both of these could be proved using Euler’s limit formula. The reflection formula

also uses the identity
oo 2

I-I<17]z72):sin(7rz)7

k=1 7z

while the duplication formula makes use of the fact that

2~2n+1
lim M —o7l/?
n—e (2n)!nl/2

These and other facts related to the gamma function can be found in Olver [208].



Appendix B
Bessel Functions

B.1 Definition

We survey some basics from the theory of Bessel functions J, of complex order
v with Rev > —1/2. We define the Bessel function J,, of order v by its Poisson
representation formula

\Vv 1. r
Jv(l): (2) )/41— eztS(l_SZ)v d

riv+4Hr VI’
where Rev > —1/2 and ¢ > 0. Although this definition is also valid when ¢ is a

complex number, for the applications we have in mind, it suffices to consider the
case that ¢ is real and nonnegative; in this case Jy (¢) is also a real number.

B.2 Some Basic Properties

Let us summarize a few properties of Bessel functions. We take # > 0.
(1) We have the following recurrence formula:

d
E(fvjv(t)) =t Ty (1), Rev > —1/2.

(2) We also have the companion recurrence formula:

d
E(t"Jv(t)) =t"Jy_1(1), Rev > 1/2.

(3) Jy (¢) satisfies the differential equation:

2

IZ%(JV(I)) Jrl%(lv(t)) (2= V) (1) =0.

(4) If v € Z, then we have the following identity, which was taken by Bessel as the
definition of Jy for integer v:

1

Jv(t) = o

2w . . 1 e
/ oltsin® ,—ive jg ﬂ/ cos(tsinefve)de'
0 0

425



426 B Bessel Functions

(5) For Rev > —1/2 we have the following identity:

1 /1\V& ; TGi+3)
Jy(t) = m@ L (1) F(j+vil> @)t

1
2 Jj=0

(6) For Re v > 1/2 the identity below is valid:

L0 (0) = 3 (v ()~ dor1).

We first verify property (1). We have

d i L |
— (VI (2 Z—/ se”s l—s2 V=2 ds
a0 2L (v+5)I(3) /1 (=5
i /1 it its(lfsz)v-i_%d
= e ———————ds
2C(v+Hr) /-2 V+3
= _tivJV+1(t)7

where we integrated by parts and used the fact that I"(x+ 1) = xI"(x). Property (2)
can be proved similarly.

We proceed with the proof of property (3). A calculation using the definition of
the Bessel function gives that the left-hand side of (3) is equal to

zie /+1 "S’((l ) +2i (V+1))(1 )" 2d
- e - is 5 - §,

rv+Hra) /- :

which in turn is equal to
27 Vvl td .
—iﬁ/ —(e”’(l—sz)"*%)ds:o.

L(v4+3)L(5) /-1 ds
Property (4) can be derived directly from (1). Define

1

2 0 —ive
:7/ eltsm e*lv de’
27 Jo

Gy(1)

forv=0,1,2,... and r > 0. We can show easily that Gy = Jy. If we had

d

o (t7VGy(1)) = =t Gyya (1), t>0,

for v € Z™, we would immediately conclude that G, = J,, for v € Z*. We have
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de
Gy(t t
t dt ()>

2
— v 4 zz’nensineeqve _ % (jteitsin())eivé) 46
0

=V 2n g [ eitsin6—ive o )
_ﬂ/‘ lde([) —i—(COSG—iSinG)ellsmGeilvedQ
0

=V 2T . X
_ _ eltsmeeﬂ(erl)G 4o
2

= =1 VGy4 (7).

d
E(t Gy(1))

I
|
N\
<
N
| <
<
|

For ¢ real, the identity in (5) can be derived by inserting the expression

i(—l)i (t )2: +isin(ts)

its

for ¢ in the definition of the Bessel function Jy (¢) in Appendix B.1. Algebraic
manipulations yield

t/2 d 1 1% Lo v-l
Jy(t) = Z \/—f—é)(2j)!2/o sPH 1 =52V " 25ds
t/2 = 1 2 T(j+Hr(v+1)
5 LV R T rG v
r/z > ; TG+3) ¥
2_: ]+v42rl) )

To derive property (6) we first multiply (1) by ¥ and (2) by #~"; then we use the
product rule for differentiation and we add the resulting expressions.

For further identities on Bessel functions, one may consult Watson’s monograph
[288].

B.3 An Interesting Identity

Let Rep > —%, Rev > —1, and ¢t > 0. Then the following identity is valid:

! r'(v+1)2Y
/o Tu(ts)st (1 =)V ds = (ﬂ%fwvﬂ(ﬁ-

To prove this identity we use formula (5) in Appendix B.2. We have
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()" & E)rG+HA v
; /0 ZF(]+H+])( 2! (1= 5%) s ds
1 o ()C(j+5) v
EF(I)ZOF(JHLH)( 2))! /0 W= du

(—)/T(j+3) ™ T(u+j+ DI (v+1)
r(j+u+1)2)) F(u+v+j+2)

Jj=0
_2rv+n () i 1T (j+ %)%
1V rG) Sri+p+v+2)2))!
r(v+1)2Y

B.4 The Fourier Transform of Surface Measure on S" !

Let do denote surface measure on S~ ! for n > 2. Then the following is true:

2w
n2]n2 é .
e (27[&])

2
To see this, use the result in Appendix D.3 to write

Fo(e) = [0
Sn—

n—1
_ 22 /+1672m‘|§\3(1_s2)% ds
re=) /-1 V1-s2
n—1 —
e re e hro)
- n—1 n 2 Jﬁ(2”|§|>
r) (=)= ’

21
n2Jn2 2 é
N (27|Gl) .

do(&) :/ e 04 =
N

B.5 The Fourier Transform of a Radial Function on R”

Let f(x) = fo(]x|) be a radial function defined on R”, where fj is defined on [0, o).
Then the Fourier transform of f is given by the formula
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Ju 1(2mr| & ridr.
|§| (27r|E])

To obtain this formula, use polar coordinates to write
F&) = [ e dx

_ / / —27‘5!5 r@de e ldr
Sn—1

:/ fo(r)dc(ré)r"_ldr
= ———Ju2 (271 " ldr
/ r|e;| a2 (2rlE )

)y [ (2mr|E)r2 dr.
|5|
As an application we take f(x) = ¥(0,1), where B(0, 1) is the unit ball in R". We
obtain (27lE)
n Jn (21
(XBo0,1)) ( / Jy 1 2m|E|r)ridr = ——,
|§| &12

in view of the result in Appendix B.3. More generally, for ReA > —1, let

_Ja—gpt forlgl <1,
ml(g)_{o for |&] > 1.

Then

; T(A+1) Tz (27x])
Jy 1 (2m|x|r)r2(1— = = ,
my n 2 / 1 |x| ( r ) r 7_[2{ |x|7+}(

using again the identity in Appendix B.3.

B.6 Bessel Functions of Small Arguments

We seek the behavior of Ji(r) as r — 0+4. We fix a complex number v with Rev >
—%. Then we have the identity

v

M= ST

+Sy(r),

where

SV(V)Z (r/z)v )/Tl(e"”—l)(l—tz)"édt

L(v+3)I(;
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and S, satisfies
27Re ere v+1

(Rev+1)|I(v+3)|I'(3)

To prove this estimate we note that

1Sv(r)| <

r/2)Y 1 .
Jv(r) :F(v(+/12§F(1)/T (1—2)V"2dr + S, (r)
2 2 -
= r/2)" " in2 )"~ (sin r
_F(v+;)r(;)/o(s 9)" 2 (sin@)dd +5v(r)
(2 T(v+3I(3)
“Fwa L e TS0

where we evaluated the last integral using the result in Appendix A.4. Using that
e — 1| < r|t|, we deduce the assertion regarding the size of [Sy (r)|.

It follows from these facts and the estimate in Appendix A.7 that for 0 < r <1
and Rev > —1/2 we have

|Jv(")| <G eco|Imv\2 rRev,

where Cy and cq are constants depending only on Rev. Note that when Rev > 0,
the constant cp may be taken to be absolute (such as ¢y = 7).

B.7 Bessel Functions of Large Arguments

For r > 0 and complex numbers v with Rev > —1/2 we prove the identity

2 A% X oo X oo
Jv(r):(r/l)l{ie”/ e*”(t2+2it)vfédt—ie”/ e*”(t2—2it)vf%dt .
r(v+3)I(;) 0 0

Fix 0 < 6 < 1/10 < 10 < R < . We consider the region Q5 g in the complex
plane whose boundary is the set consisting of the interval [—1+ 6,1 — 8] union a
quarter circle centered at 1 of radius 8 from 1 — J to 1+ 0, union the line segments
from 1+4id to 1 +iR, from 1 +iR to —1 + iR, and from —1 + iR to —1 +i8, union
a quarter circle centered at —1 of radius 6 from —1+i8 to —1 4 J. This is a simply
connected region on the interior of which the holomorphic function (1 — z?) has no
zeros. Since Qg5 g is contained in the complement of the negative imaginary axis,
there is a holomorphic branch of the logarithm such that log(¢) is real, log(—t) =
log |t| + i, and log(it) = log|t| +im/2 for t > 0. Since the function log(1 — z?) is
well defined and holomorphic in 5 , we may define the holomorphic function

(1 7Z2)V—% _ e(v—%)log(l—zz)
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for z € Q; g. Since (1 — zz)"*% has no poles in &5 g, Cauchy’s theorem yields

R . . 1
i/é e"(H”)(z‘z—Zil‘)vffdt—l—/

—1+68

1-6 . 1
elr[(l _t2)v7§ dt

s .
+i/ I (2 4 0i)V= dr 4 E(8,R) = 0,
R

where E (8, R) is the sum of the integrals over the two small quarter-circles of radius
0 and the line segment from 1+ iR to —1 +iR. The first two of these integrals are
bounded by constants times &, the latter by a constant times R?R¢V~1e~"R; hence
E(8,R) — 0as 0 — 0 and R — . We deduce the identity

+1 oo oo
/ e’”(l—tz)v‘%dt:ie‘”/ e_”(tz—l—Zit)v_%dt—ie”/ e (2 —2if)V "2 dt .
—1 0 0

Estimating the two integrals on the right by putting absolute values inside and mul-
tiplying by the missing factor 72~V (I"(v+ 3)I"(3)) !, we obtain

7)ReV ,F[Imv|  reo 1
|]v(l")|§2<r/ ) le 1 / efrttReV*%( [2+4)Rev 2dt,

' (v+3)|I'(5) Jo
since the absolute value of the argument of #> -+ 2if is at most /2. When Re v > 1/2,
we use the inequality (v/#2 +4)Rev-% < QRev—3 (tRe"_% +2R°"_%) to get

1
+2RCVF<RCV+ E)

(r/2)Revezlmvl o 5 [[(2ReV)
v(r)] <2 2 R Revil

T rv+Ir(3)

1
When 1/2 > ReV > —1/2 we use that ( t2+4)Rev 2 < 1 to deduce that

()] <2 (r/2)ReV e3ImVI [(Rev 4 1)
.
TR DID)  Revid

These estimates yield that for Rev > —1/2 and r > 1 we have
|Jv(r)| < Co(Rev) e”lImVHﬂleImv\z 172

using the result in Appendix A.7. Here () is a constant that depends only on Re v.

B.8 Asymptotics of Bessel Functions

We obtain asymptotics for Jy(r) as r — e whenever Rev > —1/2. We have the
following identity for r > 0:
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—5 .V rco
Ry(r) = G e el A (Tl R
r'(v+3) 0 t
@n) 2 <r—%—%>/°°e—";vn[(1 N
F(V—FE) 0 t

and satisfies [Ry (r)| < Cy r—3/? whenever r > 1.
To see the validity of this identity we write

1

ie (2 4+2it)V "7 = (21)V " 2e T E) (1 — E)V*E

1 7r

2
:(Zt)v—jei(r—% z (1+tt)v

)

D=

—ie' (1> —2ir)V~

Inserting these expressions into the corresponding integrals in the formula proved
in Appendix B.7, adding and subtracting 1 from each term (1 + ’l)"’l and multi-
plying by the missing factor (r/2)" /I’ (v + %)I"(3), we obtain the claimed identity

It remains to estimate Ry (r). We begin by noting that for a,b real with a > —1
we have the pair of inequalities

atl

(1) — 1] <3 (|a| +[b]) (2T €31

Ny when0 <y <1,
|(144y)a TP — 1] < (142 )%e%Ib‘—H 2(2 %Ie%‘b‘)ya when 1 <y <oo.
The first inequality is proved by splitting into real and imaginary parts and applying

the mean value theorem in the real part. Taking v — % =a+ib,y=1/2, and inserting
these estimates into the integrals appearing in Ry, we obtain

IRevhl 1z
|Rv(r)‘g22R‘3V2462‘““V|FRev [3f|v|/ —rt Rev+3dt+2\f rttZRevdt:|.

Q@m) 2| (v + )] 2kev. :

It follows that for all » > 0 we have

Rv(r)| <2

1
22ReveF[Imy] [v [(Rev+3) rRev /mettZReth]
2r

ro+1) S f
2:ReveEImVI T [(Rev43)  2ReV [(2Rev)
IC(v+1)] 32 rReveer |7
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using that e =" < ¢~*/2¢~" for t > 2r. We conclude that for r > 1 and Rev > —1/2

we have

MY (v +1) Ly
v+ 3)]

where Cy is a constant that depends only on Rev. In view of the result in Ap-

pendix A.7, the last fraction is bounded by another constant depending on Rev
2 2
(1+[1mv])*

IRy (r)] < Co(Rev)

)

times e”



Appendix C
Rademacher Functions

C.1 Definition of the Rademacher Functions

The Rademacher functions are defined on [0, 1] as follows: ry(z) = 1; r1(t) = 1 for
0<tr<1/2andr(t)=—1for1/2<t<1;m()=1for0<r<1/4 r()=—1
for 1/4 <t <1/2, r(t)=1for 1/2 <t <3/4,and rp(r) = —1 for 3/4 <t < 1;
and so on. According to this definition, we have that r;(t) = sgn(sin(2/7t)) for
J=0,1,2,.... It is easy to check that the r;’s are mutually independent random
variables on [0, 1]. This means that for all functions f; we have

1 n I
/ Tss)ir=T]1 [ sy

To see the validity of this identity, we write its right-hand side as

fU(l)fIl/(;lfj(rj(t))dt =f0(1)ﬁM
=t

A 2
j=1

N N 701 )
Sc{1,2,..n} jES jés

and we observe that there is a one-to-one and onto correspondence between sub-
sets S of {1,2,...,n} and intervals I; = [2%, k;—,,l], k=0,1,...,2" — 1, such that the
restriction of the function [T}_, f;(r;(#)) on I is equal to

[15MW]H0.

=N JgS
It follows that the last of the three equal displayed expressions is

2"—1 ., n

fo(1) k;() '/ijI_Ilfj(rj(t))dt:/o g}fﬂw(ﬂ)dﬁ

C.2 Khintchine’s Inequalities

The following property of the Rademacher functions is of fundamental importance
and with far-reaching consequences in analysis:

435
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For any 0 < p < o and for any real-valued square summable sequences {a;} and
{b;} we have

1

2
<A a<+ib-2>
o (Zl +ib)

for some constants 0 < A,, B, < o that depend only on p.

These inequalities reflect the orthogonality of the Rademacher functions in L”
(especially when p # 2). Khintchine [155] was the first to prove a special form of
this inequality, and he used it to estimate the asymptotic behavior of certain ran-
dom walks. Later this inequality was systematically studied almost simultaneously
by Littlewood [173] and by Paley and Zygmund [210], who proved the more gen-
eral form stated previously. The foregoing inequalities are usually referred to by
Khintchine’s name.

1
2
Bp(ZIdj+ibj|2> < HZ(aj—Hbj)rj
J J

C.3 Derivation of Khintchine’s Inequalities

Both assertions in Appendix C.2 can be derived from an exponentially decaying
distributional inequality for the function

F(t) =Y (aj+ibj)r;(t), t€o,1],

J

when a;, b; are square summable real numbers.
We first obtain a distributional inequality for the above function F' under the
following three assumptions:

(a) The sequence {b,} is identically zero.
(b)All but finitely many terms of the sequence {a;} are zero.
(c) The sequence {a;} satisfies (¥, ]a;|*)!/? = 1.

Let p > 0. Under assumptions (a), (b), and (c), independence gives

1 1
/ ePLajri(t) gy — H/ P gy
0 b 0

epaj + eipaj
2

J
1,22 1,2y 2 1,2
Snezp T — P LA — o3P
J

b

. . 1.2 .
where we used the inequality % (e +e ) <ez* forall real x, which can be checked
using power series expansions. Since the same argument is also valid for — Y a;r;(t),
we obtain that
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1
/ PIFOl gp < 20307
0

From this it follows that
1 F 1,2
P e0,1]: |F()| > a}| < / PIFOI gy < 2e3P
0
and hence we obtain the distributional inequality
dr(ar) = [{t €[0.1]: [F()] > a}| <2e7P" P =2¢7 2%

by picking p = &. The L? norm of F can now be computed easily. Formula (1.1.6)
gives

o 00 a2
1Fll = [ pordr(@ydacs [ part2e S da=28pr(p/2).
0 0
We have now proved that
1
1, <V2(pT(p/2)) " [|F]|,2
under assumptions (a), (b), and (c).
We now dispose of assumptions (a), (b), and (c). Assumption (b) can be easily

eliminated by a limiting argument and (c) by a scaling argument. To dispose of
assumption (a), let a; and b; be real numbers. We have

< H|Za/ﬁ|+’2b r/‘ ‘
< H;ajrj Lp-l—H;bjrj I
gﬁ(pl"(p/Z));«ZWJ' ) (Zw’lz)é)

<V2(pI(p/2) V2 (L laj+ib)

J

HZ a/—Hb rj

Let us now set A, = 2(pI'(p/2)) P when p > 2. Since we have the trivial esti-

mate ||F| w < ||F||L2 when 0 < p <2, we obtain the required inequality ||F||L,, <
Ap||F||,> with
1 when 0 < p <2,
P Zp%F(p/Z)% when 2 < p < oo,

Using Sterling’s formula in Appendix A.6, we see that A, is asymptotic to ,/p as

p — oo.
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We now discuss the converse inequality B,,HF || 2 < HF || - It is clear that
HFHL2 < HFHU, when p > 2 and we may therefore take B, = 1 for p > 2. Let
us now consider the case 0 < p < 2. Pickan s such that2 < s <eo.Finda0 < 0 < 1

such that
1 1-6 6

27 p s
Then

11l < 1Flls I < 1F 1L, A2 I 2

It follows that )
1F] - <A77 F

Lr-

We have now proved the inequality B, ||F||,, < ||F||,, with

1 when 2 < p < oo,
11
B,= -t
supAs 2 ° when 0 < p < 2.
§>2

1_1 1_1
Observe that the function s — A;(Eij)/(jﬁ) tends to zero as s — 2+ and as
s — oo. Hence it must attain its maximum for some s = s(p) in the interval (2,0).
We see that B, > 16-256~"/7 when p < 2 by taking s = 4.

It is worthwhile to mention that the best possible values of the constants A, and
B, in Khintchine’s inequality are known when b; = 0. In this case Szarek [271]
showed that the best possible value of B; is 1/v/2, and later Haagerup [116] found
that when b; = 0 the best possible values of A, and B), are the numbers

Ap:{ll 1 when 0 < p <2,

220 7 () when2 < p <o,
and O

227 p when 0 < p < po,

B, = 2%7t7ﬁ1"(1’2i1) when pg < p < 2,

1 when 2 < p < oo,

where pg = 1.84742... is the unique solution of the equation 2I" (pTH) = /7 in the

interval (1,2).

C.4 Khintchine’s Inequalities for Weak Type Spaces

We note that the following weak type estimates are valid:
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1 1

-1 12 2 . 12 2
4 17B127<;aj+lbj| ) gH;(Clj-i-lbj)}’j LPNSAP(;Wj‘i‘le )

forall 0 < p < oo.

Indeed, the upper estimate is a simple consequence of the fact that L” is a sub-
space of LP. For the converse inequality we use the fact that LP*°([0, 1]) is con-
tained in LP/?([0,1]) and we have (see Exercise 1.1.11)

1
1Pl <47 |F ] e

Since any Lorentz space LP4([0,1]) can be sandwiched between L?7([0,1]) and
LP/2([0,1]), similar inequalities hold for all Lorentz spaces L”4([0,1]), 0 < p < oo,
0<g<oo,

C.5 Extension to Several Variables

We first extend the inequality on the right in Appendix C.2 to several variables. For
a positive integer n we let

Fn(th" . 7tn) = Z ’ .chlv"'vjilrjl (tl) o -rjn(tn)7
J1 Jn

fort; € [0,1], where ¢ 1....ju 1S @ sequence of complex numbers and Fj, is a function
defined on [0, 1]".

For any 0 < p < oo and for any complex-valued square summable sequence of n
variables {c;,

! !
B L Thenaf) <l <45 (EEleril)
J1 Jn J1 Jn

where A, B,, are the constants in Appendix C.2. The norms are over [0, 1]".
The case n = 2 is indicative of the general case. For p > 2 we have

11 1 5
2
/0 /0 |F(t1,02)|P dty dry SAg/O (Z|2le7jzrj2(t2)| ) dt

12

1 2 g
SA?(Z </ |chl-,jzrjz(t2)|pdf2>p>
J1 0
3
SAI%"(ZZC;I,;”Z) :

J1 2

s
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where we used Minkowski’s integral inequality (with exponent p/2 > 1) in the sec-
ond inequality and the result in the case n = 1 twice.

The case p < 2 follows trivially from Holder’s inequality with constant A, = 1.
The reverse inequalities follow exactly as in the case of one variable. Replacing A,
by A, in the argument, giving the reverse inequality in the case n = 1, we obtain the
constant B,

Likewise one may extend the weak type inequalities of Appendix C.3 in several
variables.



Appendix D
Spherical Coordinates

D.1 Spherical Coordinate Formula

Switching integration from spherical coordinates to Cartesian is achieved via the
following identity:

[ sase=[* [T [T st R)d, s don

RSn—1

where

X1 = Rcosoy,

X, = Rsin@; cos @2,

X3 = Rsin@; sin @ cos @3,

Xp—1 = Rsin@q sin@, sin@z---sin@,_» cos @, ,
Xp = Rsin@; sin@ sin@s---sin@,_» sin@,_1,

and0<@,...,0, 2 <7, 0< @, | =0 <2,

x(q)) = (X1(<P1,-..,(Pn—1),...,xn((P1,...,(Pn—1)),

and
J(n,R, @) = R (sing, )"_2 -+« (sin (p,,,g)z(sin On—2)

is the Jacobian of the transformation.

D.2 A Useful Change of Variables Formula
The following formula is useful in computing integrals over the sphere "' when
n > 2. Let f be a function defined on §"~!. Then we have

' +R : Rds
/ f@asw=[ = [ s(s0)a0 V2
NI

To prove this formula, let ¢’ = (¢,,...,¢,_1) and

441



442 D Spherical Coordinates

X =X (¢") = (cos @y, sin @ cos @3,...,sin@y---sin@, 2sin@, ;).
Using the change of variables in Appendix D.1 we express
[ fwdo)
RSS!
as the iterated integral

Rd o

T T 2
R Rsi (¢ -1,1,0)d¢ | ———
L[ rreosoursine@un-1.1.9)a9] R0

¢1=0

and we can realize the expression inside the square brackets as

/sn—z f(RCOS o1, R sin ®1 x/)d0<x/) .

Consequently,
o,
/ fx)do(x) = / f(Reos o1, Rsin gy X')do(x )R (singy)"dg
RS- @ =0./8"2

and the change of variables

s =Rcos @, ¢ € (0,7),
ds=—Rsin@,d¢;, VR2 —s2 =Rsingy,
yields
R n—2 Rds
/ Fx)do(x) :/ { Fs VR 5 e)de} (VR — )t 2
RSn—1 _R sn—2 R2 — 52

Rescaling the sphere 8”2 to v/R2 — 528"~ yields the claimed identity.

D.3 Computation of an Integral over the Sphere

Let K be a function on the line. We use the result in Appendix D.2 to show that for
n > 2 we have

B 2717% +1 n—3
/SH K(x-e)de—r()/] KGsIx)(V1—s2)" " ds

n—1
2

when x € R"”\ {0}. Let X' = x/|x| and pick a matrix A € O(n) such that Ae; = X/,
where e¢; = (1,0,...,0). We have
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K(x-0)d0 = / (x| 0))d0
Sn— S

= [ K(x|(Ae1-0))do
S)l*

:/SnilK(|x|(e1-A’16))d9

/ K(|x|61)d6
Jsn—1
+1

n—2 ds
= [ Ko (V=)

=W, /fll K(s|x]) (V1 —sz)w3 ds,

S _
where @,_» =212 I'(%51) " is the surface area of $"2.

For example, we have

— = Oy ———(l=s) 2 ds= —————=~,
oo =2, et =)

and the integral converges only when Re ot < 1.

D.4 The Computation of Another Integral over the Sphere

We compute the following integral for n > 2:

/ de
§n—1 ‘e—el|a ’

where e¢; = (1,0,...,0). Applying the formula in Appendix D.2, we obtain

/ e /+1 / de ds
g1 |0 —el]*  Jo (Is—112+16]2)% V1—s2
0cy\/1—s2812
+1 -2 ds
o, (1-57)

-1 ((1—s)2—|—1—s2)% V1—s2

which converges exactly when Reot < n— 1.
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D.5 Integration over a General Surface

Suppose that S is a hypersurface in R” of the form S = {(u, ®(u)) : u € D}, where
D is an open subset of R”~! and @ is a continuously differentiable mapping from D
to R. Let o be the canonical surface measure on S. If g is a function on S, then we
have

Ag@wow)LLA%¢@DO+§U%¢@Wde

Specializing to the sphere, we obtain

fosorao= [ [ fi-lgmaefi-en] S

5/€Rn71
I§"<1

D.6 The Stereographic Projection

Define a map IT : R" — S" by the formula

2x 2x, x> —1 )

H(xy,....x,) = ,
-2 o) (1+uv AR

It is easy to see that IT is a one-to-one map from R” onto the sphere S” minus the
north pole ¢, = (0,...,0,1). Its inverse is given by the formula

— 91 6n
m'(6,...,6,:1)= o :
( 1, ) n+1) (1_9n+17 71_6n+1)
The Jacobian of the map is verified to be
2 n
= (25)"
H(x) ( 1+ ‘x|2
and the following change of variables formulas are valid:
F(0)do = | F(II(x))J(x)dx
S)l Rn
and
F(x)dx= | F(IT"'(0))Jz-1(8)d6,
R)‘l Sn
where

Iy (8) =

1 104 0P = 0P
T (I1(8)) A= 61 '
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Another interesting formula about the stereographic projection IT is
[TT(x) = I (v)] = 2= y|(L+ |x*) 72 (1 [y 772,

for all x, y in R".



Appendix E
Some Trigonometric Identities and Inequalities

The following inequalities are valid for ¢ real:

T
0<t<5 = sin(r) <r < tan(r),

T 2 sin(t
0<|t|<—:>—<ﬁ<1,
2 T t

—oo <t < 4oo = |sin(r)| < 1],

o2

—00 <t < 400 = |1—cos(t)|§7,
—oo <1< 4oo = |[1—¢| <t
T . 2t
<= = [sin(t)| > —
=3 [sin(r)] > ==,

2t)?

|t|§ﬂ$ |1—COS(t)|2?7

o 2t
f|<nm = |1—e”|2|7‘.

The following sum to product formulas are valid:

sin(a) +sin(b) = 2 sin <a42—b> cos (a—b

b
sin(a) —sin(b) =2 cos (a+

cos(a) +cos(b) =2 cos (a—;—b) cos (a

cos(a) —cos(b) = —2sin(a;b) sin( 3 )

The following identities are also easily proved:

N 1 sin((N+1)x)
kg’lcos(kx) = —E+T(%2),
N sin(ke ~cos(3) —cos((N+ 3)x)
k; (k) = 2sin(3) ’
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Appendix F
Summation by Parts

Let {ax}o. {bx}r be two sequences of complex numbers. Then for N > 1 we

have
N—1

v _
Y awbi =Anby — Y A(brr — by),
k=0 k=0

where
k
Ak = Z aj.
Jj=0
More generally we have

N—1

N -
Z arby = ANbNy —Ap—1by — Z Ak(bk+1 - bk) s
k=M k=M

whenever 0 <M < N, where A_; = 0 and

k
A= Zaj
=0

for k > 0.
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Appendix G
Basic Functional Analysis

A quasinorm is a nonnegative functional || - || on a vector space X that satisfies
[lx+yllx < K(||x|]|x + ||y|]lx) for some K > 0 and all x,y € X and also ||Ax|[xy =
|A]]]x||x for all scalars A. When K = 1, the quasinorm is called a norm. A quasi-
Banach space is a quasinormed space that is complete with respect to the topology
generated by the quasinorm. The proofs of the following theorems can be found in
several books including Albiac and Kalton [1], Kalton Peck and Roberts [150], and
Rudin [230].

The Hahn-Banach theorem. Let X be a normed space and Xy a subspace. Every
bounded linear functional Ay on X; has a bounded extension A on X with the same
norm. In addition, if Ag is subordinate to a positively homogeneous subadditive
functional P, then A may be chosen to have the same property.

Banach-Alaoglou theorem. Let X be a quasi-Banach space and let X* be the
space of all bounded linear functionals on X. Then the unit ball of X* is weak*
compact.

Open mapping theorem. Suppose that X and Y are quasi-Banach spaces and
T is a bounded surjective linear map from X onto Y. Then there exists a constant
K < oo such that for all x € X we have

[Ixllx < K[|T(x)]]y -
Closed graph theorem. Suppose that X and Y are quasi-Banach spaces and 7' is
a linear map from X to Y whose graph is a closed set, i.e., whenever x;,x € X and

(%, T (xx)) +— (x,y) in X x Y for some y € Y, then T'(x) = y. Then T is a bounded
linear map from X to Y.

Uniform boundedness principle. Suppose that X is a quasi-Banach space, Y is
a quasinormed space and (Ty)qes is a family of bounded linear maps from X to ¥
such that for all x € X there exists a Cy < o such that
sup [| 7o, (x) [y < G
ael

Then there exists a constant K < o such that

sup||Tollx—y <K.
ael
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Appendix H
The Minimax Lemma

Minimax type results are used in the theory of games and have their origin in the
work of Von Neumann [286]. Much of the theory in this subject is based on convex
analysis techniques. For instance, this is the case with the next proposition, which
is needed in the “difficult” inequality in the proof of the minimax lemma. We refer
to Fan [87] for a general account of minimax results. The following exposition is
based on the simple presentation in Appendix A2 of [98].

Minimax Lemma. LerA, B be convex subsets of certain vector spaces. Assume that
a topology is defined in B for which it is a compact Hausdorff space and assume that
there is a function @ : A x B — R|J{+eo} that satisfies the following:

(a) ®(.,b) is a concave function on A for each b € B,

(b) ®(a, .) is a convex function on B for each a € A,

(c) @(a, .) is lower semicontinuous on B for each a € A.

Then the following identity holds:

i P(a,b) = in®(a,b).
g (o) =i @le.)

To prove the lemma we need the following proposition:

Proposition. Let B be a convex compact subset of a vector space and suppose that
gj:B— RU{+e}, j=1,2,...,n, are convex and lower semicontinuous. If

i(b) >0 Il beB
11;1;1;(ﬂg,()> fora €B,

then there exist nonnegative numbers Ay, Az, ..., A, such that

Mgi(b) +A2ga(b) + -+ Augn(b) >0 forall beB.

Proof. We first consider the case n = 2. Define subsets of B
Bi={beB: g(b) <0}, By={beB: g(b) <0}.

If By =0, we take A; = 1 and A, = 0, and we similarly deal with the case B, = 0. If
Bj and B, are nonempty, then they are closed and thus compact. The hypothesis of
the proposition implies that g>(b) > 0 > g1 () for all b € B). Therefore, the function
—21(b)/g2(b) is well defined and upper semicontinuous on B; and thus attains its
maximum. The same is true for —g»(b)/g1(b) defined on B,. We set
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—g1(b) —g2(b)
= max >0, = max
b= o) = b= )

>0.

We need to find A > 0 such that Ag;(b) + g2(b) > 0 for all b € B. This is clearly
satisfied if b & By |UB,, while for b; € By and b, € B, we have

Agi1(b1) +g2(b1) = (1—Aw)ga(br),
Agi1(b2) +g2(b2) > (A —12)g1(b2).

Therefore, it suffices to find a A > 0 such that 1 — Ay >0 and A — pp > 0. Such a
A exists if and only if i, < 1. To prove that y; up < 1, we can assume that u; # 0
and uy # 0. Then we take by € B and b, € By, for which the maxima py; and p; are
attained, respectively. Then we have

g1(b1) +ga(br) =0,
1
g1(b2) +—g2(b2) =0.
I25)
But g;(b1) <0 < g1(b2); thus taking bg = 0b; + (1 — 6)b, for some 6 in (0, 1), we
have
81(be) < 6g1(b1) + (1= 6)g1(b2) = 0.

Considering the same convex combination of the last displayed equations and using
this identity, we obtain that

H126082(b1) + (1 —6)g2(b2) =0.
The hypothesis of the proposition implies that g»(bg) > 0 and the convexity of g»:
ng(bl) + (1 - G)gz(bz) > 0.

Since g2(b1) > 0, we must have U lrg2(b1) < g2(b1), which gives ujup < 1. This
proves the required claim and completes the case n = 2.

We now use induction to prove the proposition for arbitrary n. Assume that the
result has been proved for n — 1 functions. Consider the subset of B

By={beB: g.(b) <0}.

If B, =0, we choose Ay = A, =---=A, 1 =0 and A, = 1. If B, is not empty,
then it is compact and convex and we can restrict g1, g2,...,8:,—1 to B,. Using the
induction hypothesis, we can find Ay, A2, ..., 4,1 > 0 such that

20(b) = A1g1(b) +A2g2(b) + -+ Ap_18n-1(b) >0

for all b € B,,. Then g and g, are convex lower semicontinuous functions on B, and
max(go(b),gn (b)) > 0 for all b € B. Using the case n = 2, which was first proved,
we can find Ay, A, > 0 such that for all b € B we have
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0 < Ago(b) + Angn(b)
= AoAig1(b) + 202282 (D) + -+ AoAn-18n-1(D) + Angn (D).
This establishes the case of n functions and concludes the proof of the induction and

hence of the proposition. 0
We now turn to the proof of the minimax lemma.

Proof. The fact that the left-hand side in the required conclusion of the minimax
lemma is at least as big as the right-hand side is obvious. We can therefore concen-
trate on the converse inequality. In doing this we may assume that the right-hand side
is finite. Without loss of generality we can subtract a finite constant from ®(a,b),
and so we can also assume that

in®(a,b) =0.
it

Then, by hypothesis (c¢) of the minimax lemma, the subsets
B,={be€B: ®(a,b) <0}, acA

of B are closed and nonempty, and we show that they satisfy the finite intersection
property. Indeed, suppose that

Bay N By N---NBy, =0

for some ay,az,...,a, € A. We write g;(b) = ®(a;,b), j=1,2,...,n, and we ob-
serve that the conditions of the previous proposition are satisfied. Therefore we can
find A41,A,,...,A, > 0 such that for all b € B we have

)q(P(al,b) —|—l2¢>(a2,b) +- -~—|—kn<1>(an,b) >0.

For simplicity we normalize the A;’s by setting A + 24>+ --- + 4, = 1. If we set
ap = May + Aay + - - - + Ayay, the concavity hypothesis (a) gives

(P(a(),b) >0

for all b € B, contradicting the fact that sup,, minpeg ®(a,b) = 0. Therefore, the
family of closed subsets {B, },ca of B satisfies the finite intersection property. The
compactness of B now implies (),c4 Ba # 0. Take by € (e Ba- Then @ (a,by) <0
for every a € A, and therefore

minsup @(a,b) < supP(a,by) <0
bEB 4cA acA

as required. O



Appendix I
The Schur Lemma

Schur’s lemma provides sufficient conditions for linear operators to be bounded
on L”. Moreover, for positive operators it provides necessary and sufficient such
conditions. We discuss these situations.

I.1 The Classical Schur Lemma

We begin with an easy situation. Suppose that K (x,y) is a locally integrable function
on a product of two o-finite measure spaces (X, 1) x (¥, V), and let T be a linear
operator given by

T = | Ky f0)dve)

when f is bounded and compactly supported. It is a simple consequence of Fubini’s
theorem that for almost all x € X the integral defining T converges absolutely. The
following lemma provides a sufficient criterion for the L” boundedness of 7.

Lemma. Suppose that a locally integrable function K (x,y) satisfies

sup | [K(x,y)|dVv(y) = A <o,
xex JY

sup [ [K(x,y)dp(x) = B < o,
yey JX
Then the operator T extends to a bounded operator from LP(Y') to LP (X) with norm
1 1
AVIBY for 1 < p< oo,
Proof. The second condition gives that 7 maps L' to L! with bound B, while the first
condition gives that 7 maps L™ to L™ with bound A. It follows by the Riesz—Thorin
1 1
interpolation theorem that 7 maps L? to L? with bound A"rBY. 0

This lemma can be improved significantly when the operators are assumed to be
positive.

1.2 Schur’s Lemma for Positive Operators

We have the following necessary and sufficient condition for the L” boundedness of
positive operators.
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458 I The Schur Lemma

Lemma. Let (X, 1) and (Y, V) be two G-finite measure spaces, where [L and v are
positive measures, and suppose that K(x,y) is a nonnegative measurable function
onX xY. Let1 < p<ooand <A <oo. Let T be the linear operator

0= [ K@) 0)ave)
0) = [ Klx)elx)du(x).

To avoid trivialities, we assume that there is a compactly supported, bounded, and
positive V-a.e. function hy on Y such that T (hy) > 0 p-a.e. Then the following are
equivalent:

(i) T maps LP(Y) to LP(X) with norm at most A.

(ii) For all B > A there is a measurable function h on Y that satisfies 0 < h < oo
v-a.e., 0 < T(h) < e U-a.e., and such that

and T' its transpose operator

=

T'(T(h)") < BhY |

(iii) For all B > A there are measurable functions u on X and v on Y such that
0<u<oop-ae,0<v<oov-ae., and such that

T(u”/) < BV,
T'(W’) < BuP.

Proof. First we assume (ii) and we prove (iii). Define u,v by the equations W=

T(h) and u?’ = Bh and observe that (iii) holds for this choice of u and v. Moreover,

observe that 0 < u,v < oo a.e. with respect to the measures i and v, respectively.
Next we assume (iii) and we prove (i). For g in LY (X) we have

[ rtnmetduco = [ [ k)00 2 4 avo) duc),

We now apply Holder’s inequality with exponents p and p’ to the functions

u(y)
v(x)

with respect to the measure K (x,y)dv(y)du(x) on X x Y. Since

([ fror s n ke autay <>>’1’SB%Hf||W

and g(x)

and
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(. st ™0 s yavivyanco)

~ |

1
<B" HgHLP'(X)’

we conclude that

1,1
< BPJFPI ”fHLI’(Y)HgHLp’(X)

| T )

Taking the supremum over all g with L7 (X) norm 1, we obtain

1T o) < Bl oy

Since B was any number greater than A, we conclude that

1]

(r)-rrx) S 4
which proves (i).

We finally assume (i) and we prove (ii). Without loss of generality, take here
A=1and B> 1.Defineamap S: LP(Y) — LP(Y) by setting

S(H) = (T(T()7))7 ()

We observe two things. First, f; < f» implies S(f1) < S(f2), which is an easy con-
sequence of the fact that the same monotonicity is valid for 7. Next, we observe that
|| f | 1p» < 1 implies that HS (f )| < 1 as a consequence of the boundedness of 7 on
LP (with norm at most 1).

Construct a sequence h,, n = 1,2,..., by induction as follows. Pick #; > 0 on
Y as in the hypothesis of the theorem such that 7T (k) > 0 p-a.e. and such that
||h1 || < B 7 (B” —1). (The last condition can be obtained by multiplying & by a
small constant.) Assuming that %, has been defined, we define

r
)’

|LP

1
/’ln+] - l’l] + ﬁS(hn)
We check easily by induction that we have the monotonicity property s, < h, 1 and
the fact that Hh"HLﬁ < 1. We now define

h(x) = SLrllph,,(x) = lim A, (x).

n—oo

Fatou’s lemma gives that ||hH 1r < 1, from which it follows that & < o v-a.e. Since
h > hy > 0 v-a.e., we also obtain that 2 > 0 v-a.e.

Next we use the Lebesgue dominated convergence theorem to obtain that s, — h
in LP(Y). Since T is bounded on L7, it follows that T'(h,) — T(h) in LP(X). It

L2 L / /
follows that T'(h,) 7" — T (h) Y in L (X). Our hypothesis gives that 7" maps L” (X)
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to L (Y) with norm at most 1. It follows T (T (h,)?" ) — T*(T(h)?") in L' (Y).

Raising to the power %/, we obtain that S(h,) — S(h) in LP(Y).

It follows that for some subsequence 7 of the integers we have S(4,, ) — S(h) a.e.
in Y. Since the sequence S(%,) is increasing, we conclude that the entire sequence
S(hy) converges almost everywhere to S(h). We use this information in conjunction
with i1, = hy + = Bp S(hy). Indeed, letting n — oo in this identity, we obtain

1
h=hi+ 2 S(h).

Since hy > 0 v-a.e. it follows that S(h) < B h v-a.e., which proves the required
estimate in (ii).

It remains to prove that 0 < T(h) < e p-a.e. Since |||, <1 and T is LP
bounded, it follows that ||T(h)||,, < 1, which implies that T'(h) < e u-a.e. We

Ly =
also have T(h) > T (hy) > 0 u-a.e. O
1.3 An Example
Consider the Hilbert operator
=S
T(f)(x)= —dy,
(hew=[ 2

where x € (0,e0). The operator T takes measurable functions on (0,e0) to measurable
functions on (0, ). We claim that 7 maps L? (0, ) to itself for 1 < p < oo; precisely,
we have the estimate

/ T d HfHLP HgHLP/(O

sm(fc/p

To see this we use Schur’s lemma. We take

‘We have that

i L — B(L, L))

where B is the usual beta function and the last identity follows from the change of
variables s = (1+¢)~!. Now an easy calculation yields

T
B(ﬁ?%)ZW7
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so the lemma in Appendix 1.2 gives that HTH popr < m The sharpness of this

constant follows by considering the sequence of functions

x_l%% when x < 1,
he (x) = S
x P when x > 1,
which satisfies
T )| 0 ) 7
lim = — .
£—0 ||h£||Lp<07w) sin(m/p)

We make some comments related to the history of Schur’s lemma. Schur [237]
first proved a matrix version of the lemma in Appendix I.1 when p = 2. Precisely,
Schur’s original version was the following: If K(x,y) is a positive decreasing func-
tion in both variables and satisfies

sup Y K (m,n)+sup ) K(m,n) < oo,
m n

then
Y Y amnK (m,n)byn < Cllal| 2| 2 -
m n

Hardy-Littlewood and Pélya [121] extended this result to L” for 1 < p < e and
disposed of the condition that K be a decreasing function. Aronszajn, Mulla, and
Szeptycki [9] proved that (iii) implies (i) in the lemma of Appendix 1.2. Gagliardo
in [97] proved the converse direction that (i) implies (iii) in the same lemma. The
case p = 2 was previously obtained by Karlin [151]. Condition (ii) was introduced
by Howard and Schep [131], who showed that it is equivalent to (i) and (iii). A multi-
linear analogue of the lemma in Appendix 1.2 was obtained by Grafakos and Torres
[113]; the easy direction (iii) implies (i) was independently observed by Bekollé,
Bonami, Peloso, and Ricci [17]. See also Cwikel and Kerman [65] for an alternative
multilinear formulation of the Schur lemma.

The case p = p’ =2 of the application in Appendix 1.3 is a continuous version of
Hilbert’s double series theorem. The discrete version was first proved by Hilbert in
his lectures on integral equations (published by Weyl [290]) without a determination
of the exact constant. This exact constant turns out to be 7, as discovered by Schur
[237]. The extension to other p’s (with sharp constants) is due to Hardy and M.
Riesz and published by Hardy [120].



Appendix J
The Whitney Decomposition of Open Sets in R”

An arbitrary open set in R” can be decomposed as a union of disjoint cubes whose
lengths are proportional to their distance from the boundary of the open set. See, for
instance, Figure J.1 when the open set is the unit disk in R?. For a given cube Q in
R”, we denote by ¢(Q) its length.

Proposition. Let Q be an open nonempty proper subset of R". Then there exists a
family of closed cubes {Q;} ; such that

(a) U; Qj = Q and the Q;’s have disjoint interiors.

(b) /nl(Q)) < dist(Q;,2°) < 4y/nl(Q)).
(c) If the boundaries of two cubes Q; and Qy touch, then

1 (0))
=0y

(d) For a given Q; there exist at most 12" Qy’s that touch it.

<4.

B~

T
TTTITIT

Fig. J.1 The Whitney decomposition of the unit disk.
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Proof. Let % be the collection of all dyadic cubes of the form
—k —k
{(xr,.c %) €R":m27" <xj < (mj+1)27"},

where m; € Z. Observe that each cube in & gives rise to 2" cubes in Z4; by
bisecting each side.
Write the set €2 as the union of the sets

Q= {xe Q: 2y/n27* < dist(x, Q) <4v/n27*}

over all k € Z. Let .%’ be the set of all cubes Q in Z for some k € Z such that
QN # 0. We show that the collection .%’ satisfies property (b). Let Q € .%’ and
pick x € ;N Q for some k € Z. Observe that

Vn27k < dist(x, Q°) — /nl(Q) < dist(Q, 2°) < dist(x, Q) < 4y/n27%,

which proves (b).
Next we observe that

U o=a.

Qe 7!

Indeed, every Q in .#’ is contained in  (since it has positive distance from its
complement) and every x € £ lies in some € and in some dyadic cube in Z.

The problem is that the cubes in the collection .’ may not be disjoint. We have
to refine the collection .%’ by eliminating those cubes that are contained in some
other cubes in the collection. Recall that two dyadic cubes have disjoint interiors
or else one contains the other. For every cube Q in .%#’ we can therefore consider
the unique maximal cube Q™ in .#' that contains it. Two different such maximal
cubes must have disjoint interiors by maximality. Now set % = {Q™*: Q € F'}.

The collection of cubes {Q;} ; = .Z clearly satisfies (a) and (b), and we now turn
our attention to the proof of (c). Observe that if Q; and Qy in .# touch then

Vnl(Q;) < dist(Q;, Q) < dist(Q;, Q) +dist(Qx, Q) < 0+4vnl(Qy),

which proves (c). To prove (d), observe that any cube Q in % is touched by exactly
3" — 1 other cubes in Z. But each cube Q in & can contain at most 4" cubes of .7
of length at least one-quarter of the length of Q. This fact combined with (c) yields
(d). O

The following observation is a consequence of the result just proved: Let .% =
{Q,}; be the Whitney decomposition of a proper open subset £ of R". Fix 0 <
€ < 1/4 and denote by Q; the cube with the same center as Oy but with side length
(1+€) times that of Qy. Then Oy and Q; touch if and only if O} and Q; intersect.
Consequently, every point in £2 is contained in at most 12" cubes Q;.



Appendix K
Smoothness and Vanishing Moments

K.1 The Case of No Cancellation

Leta,b € R", u,v € R,and M,N > n. Set

oun ovn
I(a, 1, M:b,v,N) =
(@ )= oo T2 a7 7250

Ndx.

Then we have

2min(/4,v)n
I(a,u,M;b,v,N) < Co

(1 +2miﬂ(l1-,v)|a7b|)min(M’N) )

M4y NaM
Co=v, +

where

M—n N-—n

and v,, is the volume of the unit ball in R".
To prove this estimate, first observe that

/‘ dx - VM
Jre (T4 x| = M—n"

Without loss of generality, assume that v < u. Consider the cases 2"|a — b| < 1 and
2V]a—b| > 1. In the case 2" |a — b| < 1 we use the estimate

ovn 2v;12min(M ,N)
vn

— 2" L -
(14+2V|x—a))N — = (142" |a— b[)min(MN)

and the result is a consequence of the estimate

I(a,pt,M;b,v,N) <

2vn2min(M,N) oun
/n ( 7 dx.

(142" ]a—b)™ 07N Juo (14 24x—a])

In the case 2¥|a — b| > 1 let H, and H, be the two half-spaces, containing the points
a and b, respectively, formed by the hyperplane perpendicular to the line segment
[a,b] at its midpoint. Split the integral over R" as the integral over H, and the integral
over H,,. For x € H, use that [x — b| > J|a — b|. For x € H}, use a similar inequality
and the fact that 2¥|a — b| > 1 to obtain
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oun oun 4M2(v7u)(M7n)2vn
< < .
(I+20x—a)™ = (2t dja—b)M = (1+2Y]a—b|)M

The required estimate follows.

K.2 The Case of Cancellation

Let a,b € R", M,N > 0, and L a nonnegative integer. Suppose that ¢, and ¢, are
two functions on R” that satisfy

Ag 2Hn oHL
o e e for all =L,
Q900 < g Torallal
BZV"
D —
|¢V(x)| = (1+2V‘X—XVDN7
for some A, and B positive, and

oy (x)xP dx =0 forall |B| <L—1,

R”

where the last condition is supposed to be vacuous when L = 0. Suppose that N >
M + L+ n and that v > . Then we have

J c ouny—(v—p)L
X x)dx| < )
e I R) | < Co
where

oo, N-L-M Ag

0= N LM —n al

lot|=L

To prove this statement, we subtract the Taylor polynomial of order L — 1 of ¢y
at the point x, from the function ¢, (x) and use the remainder theorem to control the
required integral by

Ag ‘x—xv|L2N"2ML ovn
oy ol R (142818, —xu [P (1+2Y|x —xy )

v dx,

for some &, on the segment joining x, to x. Using v > 1 and the triangle inequality,
we obtain
1 142Y]x —xy]
T4+2H1E —xp| = 14 2H |y —xy|
We insert this estimate in the last integral and we use that N > L+ M + n to deduce
the required conclusion.
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K.3 The Case of Three Factors

Given three numbers a, b, ¢ we denote by med (a, b, ¢) the number with the property
min(a,b,c) < med(a,b,c) < max(a,b,c).

Let xy,xyu,x3 € R". Suppose that vy, yy, ¥, are functions defined on R" such
that for all N > n sufficiently large there exist constants Ay, Ay, A, < oo such that

ovn/2
(142 |x —xy| )N’

s zun/Z

< -

‘WH(XH — ﬂ(]+2“|x_xu|)N7
2An/2

(1424 x—x;, )V’

lyy (x)| <Ay

(W (x)] <Ay

for all x € R". Then the following estimate is valid:

[ vl vl [y (9]
CNnAvA;LAl 2—max(u,v,l)n/2 Zmed(u,v,l)n/Z 2min(u,v,7t)n/2
< —— - -
= [+ 20y~ {1+ 27008 g, =3 1+ 2700, — 5, )Y

for some constant Cy ,, > 0 independent of the remaining parameters.

Analogous estimates hold if some of these factors are assumed to have cancella-
tion and the others vanishing moments. See the article of Grafakos and Torres [114]
for precise statements of these results and applications. Similar estimates with m
factors, m € Z, are studied in Bényi and Tzirakis [21].



Glossary

n 1 f

A is a subset of B (not necessarily a proper subset)
A is a proper subset of B

the complement of a set A

the characteristic function of the set £

the distribution function of a function f

the decreasing rearrangement of a function f
fn increases monotonically to a function f
the set of all integers

the set of all positive integers {1,2,3,...}

the n-fold product of the integers

the set of real numbers

the set of positive real numbers

the Euclidean n-space

the set of rationals

the set of n-tuples with rational coordinates
the set of complex numbers

the n-fold product of complex numbers

the unit circle identified with the interval [0, 1]
the n-dimensional torus [0, 1]"

‘xl|2+...+|xn|2 WhGIl)C:(xla-“axn) €R”

the unit sphere {x e R": |x| =1}
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ej the vector (0,...,0,1,0,...,0) with 1 in the jth entry and O elsewhere
logt? the logarithm with base e of # > 0
log,t the logarithm with base a of t > 0 (1 #a > 0)
log™ ¢ max(0,log?) fort >0
7] the integer part of the real number ¢
x-y the quantity 37, x;y; when x = (x1,---,x0) and y = (y1,...,¥n)
B(x,R) the ball of radius R centered at x in R”
W,—1 the surface area of the unit sphere Sr-l
Vn the volume of the unit ball {x e R": |x| < 1}
|A| the Lebesgue measure of the set A C R"
dx Lebesgue measure

Avgpf the average \]7\ Jp f(x)dx of f over the set B

(f.8) the real inner product [g. f(x)g(x)dx

(flg) the complex inner product [g. f(x)g(x) dx

(u, f) the action of a distribution « on a function f

P the number p/(p — 1), whenever 0 < p # 1 < o0
1 the number oo

oo the number 1

f=0(g) means|f(x)| <M|g(x)| for some M for x near xo

f=olg) means [f(x)[[g(x)| "' — 0 asx—xy

Al the transpose of the matrix A

A* the conjugate transpose of a complex matrix A
A7l the inverse of the matrix A

O(n) the space of real matrices satisfying A~ = A’

|IT||lx—y  the norm of the (bounded) operator T : X — Y

A~B means that there exists a ¢ > 0 such that ¢~ < % <c

|ex| indicates the size |ot| + - - - + | o, | of a multi-index o = (@, ..., 0)
aIf the mth partial derivative of f(xi,...,x,) with respect to x;

2%f oo f

¢* the space of functions f with % f continuous for all |a| < k
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6o the space of continuous functions with compact support
%00 the space of continuous functions that vanish at infinity
ty the space of smooth functions with compact support

9 the space of smooth functions with compact support

5 the space of Schwartz functions

¢ the space of smooth functions | Ji_; €*

7'(R") the space of distributions on R"

' (R")  the space of tempered distributions on R”

&'(R") the space of distributions with compact support on R”

& the set of all complex-valued polynomials of # real variables
' (R")/ P the space of tempered distributions on R” modulo polynomials
Q) the side length of a cube Q in R”

a0 the boundary of a cube Q in R”

LP(X,u) the Lebesgue space over the measure space (X, 1)

LP(R") the space LP(R",|-])

LP9(X,u) the Lorentz space over the measure space (X, (L)

LP (R")  the space of functions that lie in L”(K) for any compact set K in R”
|du| the total variation of a finite Borel measure pt on R”

A (R") the space of all finite Borel measures on R”

A(R")  the space of L” Fourier multipliers, 1 < p < oo

AP4(R") the space of translation-invariant operators that map L”(R") to L4(R")

| H/// Jre |d | the norm of a finite Borel measure pt on R”

M the centered Hardy—Littlewood maximal operator with respect to balls
M the uncentered Hardy—Littlewood maximal operator with respect to balls
M. the centered Hardy—Littlewood maximal operator with respect to cubes
M, the uncentered Hardy—Littlewood maximal operator with respect to cubes
My the centered maximal operator with respect to a measure [

My the uncentered maximal operator with respect to a measure [

M the strong maximal operator

My the dyadic maximal operator
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