1.5 Second order linear PDEs

An important class of PDEs are the linear PDEs of 2nd order, which we shall be concerned in this section.
For simplicity, we shall consider only equations in 2 dimensions, i.e., for d = 2. The general form of a 2nd
order linear PDE in 2 dimensions can be written as:

AUgg + 2bUyy + CUyy + dug +euy + fu=g, for (z,y)€QC R?, (1.13)

where a,b,c,d, e, f,g are functions of the independent variables x and y only. We also assume that a,b,c
have continuous second partial derivatives, and that they do not vanish simultaneously at any point of the
domain of definition . Finally ,we assume that the solution u of the PDE (1.13) has continuous second
partial derivatives. We shall classify PDEs of the form (1.13) in different types, depending on the sign of the
discriminant defined by

D :=b? —ac,

at each point (zo,y0) € Q. More specifically, we have the following definition.

Definition 1.17 Let D = b* — ac be the discriminant of a second order PDE of the form (1.13) in Q C R?
and let a point (zo,yo) € Q.

e If D >0 at the point (xg,yo), the PDE is said to be hyperbolic at (zo,yo)-
e If D =0 at the point (xo,yo), the PDE is said to be parabolic at (o, yo)-
e If D <0 at the point (xo,yo), the PDE is said to be elliptic at (g, yo)-

The equation is said to be hyperbolic, parabolic or elliptic in the domain § if it is, respectively, hyperbolic,
parabolic or elliptic at all points of ).

We give some examples.
Example 1.18 The so-called wave equation
Ugp — Uge = 0,

is hyperbolic in R2. Indeed, for this equation we have a =1, ¢ = —1, and b = 0, giving D = —1 < 0 for all
(z,y) € R2.

Example 1.19 The so-called heat equation
U — Ugy = 0,
is parabolic in R2. Indeed, for this equation we have c = —1 and a = b =0, giving D = 0 for all (z,y) € R?.
Example 1.20 The so-called Laplace equation
Uz + Uyy = 0,
is elliptic in R%. Indeed, for this equation we have a = ¢ =1 and b = 0, giving D = —1 < 0 for all (z,y) € R2.

Example 1.21 The equation
Ugpy + xQuyy =0,

is elliptic in the set {(x,y) € R? : x # 0} and parabolic in the set {(x,y) € R? : ¥ = 0}. Indeed, for this
equation we have a = 1, ¢ = 22 and b = 0, giving D = —x? < 0 for all (x,y) € R? such that x # 0 and
D =0 when x = 0. (This equation sometimes referred to in the literature as Grugin equation.)

Example 1.22 The Tricomi equation

Ylzy + Uyy = 0,
is elliptic in the set {(x,y) € R? : y > 0}, parabolic in the set {(x,y) € R?: y = 0}, and hyperbolic in the set
{(z,y) € R? : y < 0}. Indeed, for this equation we have a =y, c =1 and b =0, giving D = —y < 0 for all
(z,y) € R? such thaty >0, D=0 wheny =0 and D = —y > 0 when y < 0.



The above classification of 2nd order linear PDEs can be very useful when studying the properties of
such equations. For instance, the next result shows that the type of a 2nd order linear PDE at a point
(i.e., if the PDE is hyperbolic, parabolic or elliptic), remains unchanged if we make a smooth non-singular
transformation of coordinates (also known as change of variables) on R2. In particular, we have the following
theorem.

Theorem 1.23 The sign of the discriminant D of a second order PDE of the form (1.138) in  C R? is
mwvariant under smooth non-singular transformations of coordinates.

Proof. Consider a transformation of coordinates of R?:

(w,y) < (&n),

with £ = &(x,y) and n = n(z,y), which is assumed to be smooth (that is, the functions £(z,y) and n(z,y)
have all derivatives with respect to x and y well-defined) and non-singular, i.e., its Jacobian

o&m) | & & |_ B
) = | =G = &me 20, (1.14)

in Q. We also denote by z = z(§,n) and y = y(§,n) the inverse transformation, as it will be useful below.
We write the PDE (1.13) in the new coordinates, using the chain rule. Setting v(&,n) = u(x(&,7),y(&,n))
we have, respectively:

Uy = Ve + Upla,s Uy = Ve&y + vy, (1.15)
giving
Ugy = Uéﬁgi + 2U§n§x77x + Uvmni + U{fzx + UMz,
Uyy = 05555 + 2ven&yny + Uvmng + veyy + Untlyy, (1.16)
Upy = Veelaly + Ven(§any + EyMa) + VinTlanly + Velay + UnMay-

Inserting (1.15) and (1.16) into (1.13), and factorising accordingly, we arrive to
AU& + Qngn + CU,m + DU& + EUW + fuv =g, (1.17)

where the new coefficients A, B, C, D and E are given by

A = agl42b6.8, + L,

B = a&n. +b(&eny + Eyne) + cyny,

C = ani+20meny + cny, (1.18)
D = aus + 208y + cyy + d&s + €&y,

E = angs + 20y + cnyy + dng + eny,.

Thus the discriminant of the PDE in new variables (1.17), is given by
B’ —AC = (agwnm + b(gxny + fyn:r) + ngny)2 - (afg + 2b€z'§y + 055)(0773; + 2b77177y + an)

= o= (b —ac)(&ny — &ne)® = (b7 — ac) (gg Z;)Q

This means that the discriminant B2 — AC of (1.17) has always the same sign as the discriminant b? — ac

of (1.13), as % = 0 from the hypothesis and, therefore, (ggizg)Q > 0. Since the discriminant of the
transformed PDE has always the same sign as the one of the original PDE, the type of the PDE remains

invariant. O

(1.19)

Recalling now the methods of characteristics for the solution of first order linear PDEs presented in the
previous section, we can see the relevance of the above theorem: it assures us that applying a change of
variables will not alter the type of the PDE.

Let us now consider some special transformations for PDEs of each type. What we shall see is that, given
certain transformation, it is possible to write (1.13) locally in much simpler form, the so-called canonical
form. We begin with an example.



Example 1.24 Consider the wave equation
Uge = Yyy = 0,
which as we saw before is hyperbolic in R?. Let us also consider the transformation of coordinates of R?:
(z,y) = (&n), with §=r+y and n=2z—y.

It is, of course, smooth as x4+ 1y and x — y are infinite times differentiable with respect to x and y, and it is
non-singular, as

a(&,m)
Ao y) =&y —Ene =1x (=1)—1x1=-2#0, foral (z,y)ecR%
To calculate the transformed equation, we can use the formulas (1.18), witha=1,b=0,c=—-1,d=e=

f=9=0,&=1¢& =1, n=1andn, = —1 to calculate A =1-0-1=0,B=1-0+1=2,
C=1-0—-1=0, D=FE =0 and, thus, the transformed equation is given by

dvey =0, or wve =0.

For this canonical form, we can in fact compute the general solution of the wave equation. Indeed, integrating
with respect to n, we arrive to

ve = h(§),

for an arbitrary continuously differentiable function h. Integrating now the last equality with respect to &, we
deduce

3
v = / h(s)ds + G(n).
If we set F(£) := fg h(s)ds, to simplify the notation, we get

v(&m) = F(&) + Gn),

for an arbitrary twice continuously differentiable function G, or equivalently
u(z,y) = F(z+y)+ Gz —y),
for all twice continuously differentiable functions F' and G of one variable.

In the previous example, we found a general solution for the wave equation using a particular transforma-
tion of coordinates. Note that the general solution of the wave equation involves unknown functions! (Recall
that the general solution of an ordinary differential equation involves unknown constants; this might help
to draw an analogy. In the next sections we shall study some appropriate initial conditions and boundary
conditions that will be sufficient to specify the unknown functions and arrive to unique solutions.)
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