2.1.1 Separation of variables

For simplicity of the presentation, let © = [0,a] x [0,b] C R? be the rectangular region with vertices the
points (0, 0), (a,0), (a,b), and (0,b). We seek the (unique) solution v : Q& — R to the Laplace boundary-value
problem

Ay = 0 in 9, (2.4)
u(0,y) = u(a,y) =u(z,0) = 0, for 0<zx<a, 0<y<h,
u(z,b) = f(x), for 0<z<aq, (2.6)

where f :[0,a] — R is a known function.
We begin by making the crucial assumption that the solution u of the problem (2.4) is of the form

u(z,y) = X (2)Y(y),

for some twice differentiable functions of one variable X and Y. (Indeed, if we find one solution to the
problem (2.4), it has to be necessarily the only solution, due to the uniqueness of the solution property
described above.) Then we have

Upe = X" (@)Y (y) and  uyy = X(2)Y"(y).
Inserting this into the PDE Au = 0, we arrive to

X”(I’) Y//(y)

X"(x)Y (y) + X(z)Y"(y) =0, or X(z)  Y(y)

after division by X (x)Y (y), which we can assume to be non-zero without loss of generality (for otherwise,
the solution w is identically equal to zero which means that we found the solution if also f = 0, or that this
is impossible if f 2 0). This gives

X"(z) _ Y'"(y)

X(x) Y(y)’
that is, the left-hand side depends only on the independent variable z and the right-hand side depends only
on the independent variable y. Since z and y are independent variables, the only possibility for the relation
(2.7) to hold is for both the left- and the right-hand sides to be constant, say equal to A € R. From this we
get the ordinary differential equations

(2.7)

X"(x) = AX(x) =0, and Y"(y)+ AY(y)=0.
Now from the the boundary conditions we get
X0)Y(y)=X(@)Y(y) =0 giving X(0)=X(a)=0, and X(z)Y(0)=0 giving Y(0)=0.

Now we separate 3 cases: whether A is positive, negative or zero.

The case A > 0:
If A > 0, then the two-point boundary value problem
X"(xz) = AX(x) =0, 0<z<a, and X(0)=X(a)=0,
has solution of the form
X () = Acosh(VAz) + Bsinh(vV\z),

for some constants A, B € R, which can be determined using the boundary conditions X (0) = X(a) = 0.
We have
0= X(0)=Acosh(0) = 4, and 0= X(a)= Bsinh(v\a),

which implies that also B = 0. This means that if A > 0, we get X (z) = 0 and thus, the only solution is the
trivial solution u(x,y) = 0, which is not acceptable as u(z,y) # 0 on the top boundary.
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The case A\ = 0:

If A =0, then the two-point boundary value problem becomes
X"(x)=0,0<z<a, and X(0)= X(a)=0;

it has solution of the form
X(z) = Az + B,

for some constants A, B € R, which can be determined using the boundary conditions X (0) = X(a) = 0.
We have then
0=X(0)=B, and 0= X(a)= Aa,

implying also that A = 0. Hence if A\ = 0 we again arrive to the trivial solution v = 0 which is not acceptable.

The case )\ < 0:
If A < 0, then there exists x € R such that A = —x2. The two-point boundary value problem
X"(x)+ KX (x) =0, for0<z <a, and X(0)= X(a)=0,
has solution of the form
X (x) = Acos(kzx) + Bsin(kz),

for some constants A, B € R, which can be determined using the boundary conditions X (0) = X(a) = 0.
We have
0=X(0)=Acos(0) =A, and 0= X(a)= Bsin(ka);

this implies sin(ka) = 0, which means ka = nw for any n = 1,2, ... integers. From this we find
nm
K=—,
a

and, thus, we obtain the solutions
nwT

X(z) = By, sin (T),

for all n = 1,2,... integers and B,, € R. We now turn our attention to Y, which satisfies the two-point
boundary value problem

Y'(y) = k%Y (y) =0, for 0 <y <b, and Y(0)=0, X(x)Y(b) = f(x).
As before, the solution of the ODE is of the form
Y (y) = C cosh(ky) + D sinh(xy),

for some constants C;, D € R, which can be determined using the boundary conditions. From the “left”
boundary condition, we get
0=Y(0) = Ccosh(0) =C,

giving the family of solutions
Y (y) = D, sinh(ky) = sinh (%),

for all n =1,2,... integers and D,, € R. Hence all the functions of the form
un(xv y) = F, sin (ﬂ) sinh (@)7
a a

setting F,, = B,D,, for all n = 1,2,..., are solutions to the Laplace problem (2.4). Since the Laplace
equation is linear, it is not hard to see that if two functions are solutions to Laplace equation, then any
linear combination of these functions is a solution to the Laplace equation also?. Hence, we can formally
write that the solution of the Laplace problem (2.4) is of the form

u(z,y) = Z E, sin (?) sinh (%) (2.8)
n=1

2This is the so-called Principle of Superposition, whereby the if two functions are solutions to a linear homogeneous PDE
then their linear combination is also a solution.
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(at this point the above equality is only formal, as we do not know if the above series converges). Notice
that the E,,’s are still not determined; this is to be expected as we have not yet made use of the remaining
boundary condition u(x,b) = X (2)Y (b) = f(x) which, in view of (2.8) can be written as

= . nwr. . nmb = . . nmx
f@) =u(z,b) = 7;:1 E, sin (T) sinh (T) = nil E, sin (T), (2.9)
where we have set E,, := E, sinh (”T”b)

To conclude the solution, we need to determine all E,’s such that (2.9) is satisfied. Describing how to
do that is the content of the next section.
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